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Summary

The most important wave type of large-scale rotating geophysical fluids is the Rossby
wave which exists due to a subtle interplay between the effects of potential vorticity
conservation and inertia on fluid parcels. There are many fascinating and beautiful phe-
nomena in rotating fluids which are related to Rossby waves and, moreover, these waves
are responsible for our changeable weather.

The study investigates the mechanisms and properties of Rossby waveguides in the
atmosphere and the oceans. Such waveguides are preferred paths of propagating Rossby
waves. They may be formed with the help of reflecting boundaries or solely by the shear
structure of the flow and they may be purely zonal or showing more complicated geome-
tries.

The first part of the paper investigates the possible existence of a Rossby waveguide in a
zonal, bounded large-scale shear flow at the high-latitudes. It is argued that this situation
represents a simple model of the Antarctic Circumpolar Current. Using analytical and
asymptotical techniques, we show that such a waveguide is indeed possible for a wide
range of parameters. The maximum wavelength of the trapped waves is about 1500 km.
It is known that sea ice and oceanic boundaries have a dominant effect in structuring
the Antarctic marine ecosystem. The trapped Rossby waves found are able to modify
the sea ice distribution and may therefore effect biological productivity. We go further
and study numerically the spatial structure of locally forced Rossby waves in a slightly
dissipative bounded shear flow. The numerical experiments confirm the findings obtained
by asymptotical methods. The two-dimensional model solutions show clearly an important
property of the waveguide: long waves are able to cross the jet-core, whereas shorter waves
are refracted at their turning points south of the jet’s center. Therefore, the energy of these
waves is trapped in a rather narrow band along the coast.

Critical levels are defined as regions where the wave phase speed equals the basic
flow velocity. From linear theory it follows that no trapped waves can exist if a critical
level is comprised between the turning points. However, using two different examples, we
demonstrate that global solutions of trapped waves do occur if the gradient of the ambient
potential vorticity vanishes at the critical levels. Surprisingly, no “classical” waveguides
for local wave packets are possible. Nevertheless, the critical levels by themselves can work
as waveguides, without any reflection-refraction mechanism.

Finally, we focus on the propagation of local wave packets from the viewpoint of nonlin-
ear dynamical system theory. The ray paths of Rossby wave propagation can be sensitive
to small variations of the initial conditions due to inhomogeneities in the coefficients of
the potential vorticity equation. This is called “ray chaos” in wave theory. We study a
system of zonal waveguides which is perturbed by a periodic topography. In that case,
wave packets can oscillate aperiodically between the turning points and may even leave
the waveguide in a non-predictable way.
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Zusammenfassung

Der wichtigste Wellentyp grofiskaliger geophysikalischer Fluide ist die Rossbywelle, welche
die Folge eines subtilen Wechselspiels zwischen Vorticityerhaltung und Trigheit einzelner
Fluidelemente ist. Es gibt viele faszinierende Phinomene in rotierenden Fluiden, die mit
Rossbywellen zusammenh#ngen, und nicht zuletzt sind diese Wellen fiir unser wechselhaf-
tes Wetter verantwortlich.

Die vorliegende Studie untersucht Mechanismen und Eigenschaften von Rossbywellen-
leitern in der Atmosphére und den Ozeanen. Solche Wellenleiter sind bevorzugte Aus-
breitungspfade von Rossbywellen. Sie bilden sich entweder entlang von Kiistenlinien oder
einfach aufgrund von Scherungsstrukturen freier Strémungen. Rossbywellenleiter kénnen
rein zonal sein oder eine kompliziertere rdaumliche Struktur aufweisen.

Der erste Teil der Arbeit untersucht, ob in einer zonalen, einfach berandeten grofiska-
ligen Scherstréomung hoher Breiten, die als Modell des Antarktischen Zirkumpolarstroms
dient, die Moglichkeit zur Ausbildung eines Rossbywellenleiters besteht. Mittels analy-
tischer und asymptotischer Verfahren kénnen wir zeigen, dass gefangene Rossbywellen
iiber einen weiten Parameterbereich méglich sind. Die maximal mogliche Wellenlénge
betragt dabei ca. 1500 km. Solche Wellen kénnen die Eisverteilung, aber auch das emp-
findliche Okosystem der Antarktischen Region beeinflussen. Mit einem einfachen nume-
rischen Modell berechnen wir anschliefend die rdumlichen Strukturen lokal angeregter
gefangener Rossbywellen unter Einbeziehung schwacher Dissipation. Modellexperimente
mit, reflektierenden und durchléssigen Réndern bestétigen die Ergebnisse der asympto-
tischen Verfahren. Die zweidimensionalen Modelllsungen zeigen die Eigenschaften des
untersuchten Wellenleiters in anschaulicher Weise: Lange Wellen kénnen sich vom Rand
16sen, kiirzere Wellen sind dagegen zwischen der reflektierenden Kiiste und einer durch die
Scherstromung erzeugten Umkehrbreite gefangen und formen so den Rossbywellenleiter.

Kritische Linien sind als Gebiete definiert, an denen die Phasengeschwindigkeit einer
betrachteten Welle gleich der Grundstromgeschwindigkeit des Fluids ist. Gemif} der linea-
ren Theorie gibt es keine gefangenen Wellen, falls kritische Linien vor den Umkehrbreiten
liegen. Wir zeigen an zwei Beispielen (groftenteils anhand analytischer Losungen), dass
es unter der Annahme eines verschwindenden Gradienten der Grundstromvorticity an den
kritischen Linien globale Losungen gefangener Rossbywellen gibt, aber keine “klassischen”
Rossbywellenleiter. Andererseits kénnen unter obigen Umstidnden die kritischen Linien
selbst als Wellenleiter fungieren, ohne die Strahlen der Wellenausbreitung zu beugen oder
zu reflektieren.

Abschlielend betrachten wir die Ausbreitung lokaler Rossbywellen vom Standpunkt
der Theorie nichtlinearer dynamischer Systeme. Aufgrund von Inhomogenitédten in den
Koeffizienten der Gleichung der potentiellen Vorticity konnen die Strahlen der Wellen-
ausbreitung sensitiv von den Anfangsbedingungen abhingen, man spricht dann von “ray
chaos”. Ein System zonaler Rossbywellenleiter wird betrachtet, seine einfache Struktur
jedoch durch eine periodische Topographie gestort. Wellenpakete bewegen sich dann ape-
riodisch in dem Wellenleiter oder konnen diesen in nichtvorhersagbarer Weise verlassen.

Bibliographische Beschreibung:

Uwe Harlander

“On Rossby wave propagation in atmosphere and ocean”

Universitit Leipzig, Habil., 2. Dezember 2002, 81 S., 104 Lit., 24 Abb., 7 Tab.






To Sabine and David






“... as Sir Cyril Hinshelwood has observed ... fluid dynamicists were divided into
hydraulic engineers who observed things that could not be explained and
mathematicians who explained things that could not be observed.”
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Preface

The material in this thesis is based mainly on my recent work on Rossby wave propagation
in shear flows with applications in atmospheric and oceanic dynamics (cf. [35], [31], [30],
[26], [27]) but contains also new results not published elsewhere (chapters 5 and 6). This
work is on-going as is documented, e.g., by several research projects enlisted by the author
in collaboration with Metz [32], [33], [34], and a research grant [28]. Here, several aspects
of Rossby wave theory are highlighted like, (i) the formation of waveguides in shear flows
along reflective boundaries, (ii) the consequences of “critical levels” coinciding with lines
of vanishing potential vorticity for Rossby wave dispersion, and (iii) the existence of
chaotic trajectories of wave packet propagation. Although the author has experience with
modern numerical techniques of atmosphere and ocean modeling [24], [25], [86], the basic
goal here is to understand Rossby wave propagation from a dynamical point of view using
simple models and (as much as possible) analytical techniques. However, simple models
are susceptible to critique since they may oversimplify nature. Some part of such critique
is almost always justified for conceptual studies and therefore also for the present work.
However, as R. Hide [36] put it,

It is unnecessary to apologize for discussing simple systems that can be realized
in the laboratory, and asserting their relevance to the science of atmospheres
and oceans, since the essence of basic science, upon which all applied science
depends, is the obtaining of general results concerning well-defined problems,
not limited results concerning only vaguely-defined problems.

Some of the techniques used here have their roots in other disciplines of the natural
sciences (like the WKB methods used early in quantum theory, or ray tracing techniques
applied intensively in optics and acoustics) and are less investigated in the context of
Rossby waves.

The material presented here is divided into two parts. In the first part, I compute
modes of trapped waves and the rays of wave energy propagation using either linear
models or at least focus on the linear aspects of the solutions. In the second part, I
consider the ray tracing equations from a nonlinear dynamical system point of view.
Besides the results presented here I also introduce into the theory of Rossby waves in
geophysical fluid dynamics and, furthermore, a brief outline of ray theory and the method
of eigensolutions is presented.

I also would like to acknowledge the help of many people made the completion of
this thesis possible. First of all I thank Prof. Werner Metz for his steady support of
my work. His cooperation in form of many stimulating discussions is gratefully acknowl-
edged. For collaboration and friendship I further thank Almut Gassmann, Dr. Hans-Jiirgen
Schonfeldt, and Martin Simmel. Moreover, I thank the participants of the “Arbeitskreis
fiir Theoretische Meteorologie” for helpful discussions, in particular Prof. Heinz Fortak,
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Prof. Fritz Herbert, Dr. Peter Névir, Prof. Heinz-Dieter Schilling (), Prof. Frank Schmidst,
and Dr. Ulrike Wacker. I also thank Dr. Leo Maas, Prof. Geert Zimmermann, and the
participants of the “Storchen Seminare®, in particular Dr. Vladimir Gryanik, Dr. Gerrit
Lohmann and Prof. Dirk Olbers for helpful comments on my work on Rossby waves. I
gratefully acknowledge all the students in my lectures for the many inspiring questions
they asked me. I say thanks to Kathleen Minty-Harlander for reading the manuscript
with the eyes of a native speaker. Finally, I am grateful to my wife Sabine for her patience
during the last time and for taking over a large part of my household and childcare duties.

U.H.
Leipzig
January, 2001
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Panta rhei — all flows
(Heraklit, 535-475 BC)

Chapter 1

Introduction

Wave motion is one of the broadest scientific subjects and unusual in that it
can be studied at any technical level. The behaviour of water waves and the
propagation characteristics of light and sound are familiar from everyday expe-
rience. Modern problems such as sonic booms or moving bottlenecks in traffic
are necessarily of general interest. All these can be appreciated in a descriptive
way without any technical knowledge. On the other hand they are also inten-
swely studied by specialists, and almost any field of science or engineering
1mvolves some questions of wave motion.

This quote is borrowed from the classical treatise of linear and nonlinear wave motion by
Whitham [93], and geophysical fluid dynamics is a classical example of a field of science
involving wave motion. When studying the dynamics of the atmosphere or the oceans
it becomes clear that waves form the basis for almost every phenomenon in geophysical
fluids, independently from the scale under consideration. Of interest for meteorologists
and oceanographers are all the observed wave types, from the tiny surface water waves in
lakes and oceans (e.g., when studying air-sea interactions) to the planetary-scale waves in
the stratosphere (responsible, e.g., for the distribution of ozone). However, the large-scale
waves (termed Rossby waves after Carl Gustaf Arvid Rossby (1898-1957) who was the first
to point out the fundamental role they play in the global atmospheric circulation [82])
are not familiar from everyday experience although they are related to many important
processes in the atmosphere and the ocean.

Rossby waves are responsible for the changeable weather in mid-latitudes, they modify
the distribution of trace gases in the middle atmosphere, in the oceans they introduce
nutrients to surface waters on a global scale and therefore help to regulate phytoplankton
productivity [90], they play an essential role on the main features of the large long-lived
vortices on Jupiter and Saturn [60], and can be observed even on the suns surface [47].

Here we study several new aspects of this important wave type in rotating fluids, in
particular, we investigate waveguides for Rossby waves. A Rossby waveguide is defined as
a rather narrow zonal band in which Rossby wave energy is trapped. In the atmosphere
and the oceans, trapped waves are an ubiquitous phenomenon and can be observed in
a multitude of different situations. In the simplest cases rigid boundaries force trapped
waves, e.g., waves in channels. Trapped waves can also occur along a single boundary.
Examples are gravity edge waves, first investigated by Stokes [88]. However, even without
coastlines, trapped waves can be found, e.g., equatorially trapped Rossby waves (cf. [55],
[12]) which occur due to the increasing Coriolis effect across the equator.
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Figure 1.1: A) Ray path of wave packet propagation between two turning latitudes typical
for the atmosphere. B) Ray path of wave packet propagation between a reflective coast (solid
fat line) and a turning latitude. C) Typical structure of a trapped modal wave (mode 1)
i a shear flow along a reflective coast.

Sometimes it appears to be useful to distinguish between a waveguide for local wave
disturbances and one for modal waves. Trapped modal waves are “global” in the zonal
direction but local in the meridional direction. Typical examples are the trapped modal
waves on the equatorial 8 plane (e.g., [23]) but also the high-latitude coastally trapped
modal Rossby waves studied in chapter 3. A single wave mode, typical for a shear flow
along a rigid boundary, is sketched in Fig. 1.1C. Such modal waves propagate in one
spatial direction only (i.e., parallel to the coast). Sometimes a more realistic model of
atmospheric or oceanic motions would be a wave packet consisting of a superposition of
a range of different Fourier modes rather than a single monochromatic wave (cf. [15]).
Inspecting a weather map, for instance, it is obvious that monochromatic waves are not
present (at least in the troposphere), but wave packets are common. From this point of
view it is natural to apply the theory of wave packets to study the wave propagation. The
propagation of local wave packets is not restricted to one spatial direction, and in general,
wave packets propagate along rather complex paths with their group velocity depending
on the basic flow and the boundary conditions. A typical path for a wave packet in an
atmospheric waveguide is shown in Fig. 1.1A (cf. [38], [43]). While propagating to the
east, the wave packet oscillates between two turning latitudes. However, in a zonal shear
flow along a reflective boundary, a local disturbance can be trapped between the coast
and a single turning latitude (see Fig. 1.1B). Again, the wave packet propagates to the
east but oscillates between the lateral boundary and the turning latitude.

Wave reflection at lateral boundaries is an undesired effect in conceptual atmospheric
models which have to be accepted due to the simple channel geometry. Yet in conceptual
[B-channel ocean models, reflecting boundary conditions are realistic if the boundaries
represent coastlines. Examples of oceanic models similar to atmospheric 8 plane channel
models are given by Wolff et al. [94] or Olbers and Vélker [65]. These models describe
the dynamics of the Antarctic Circumpolar Current (ACC), which can be viewed as a
large-scale zonal flow system bounded at its southern side by the Antarctic continent.

To convince the reader that Rossby waveguides are worth studying, we give two ex-
amples which emphasize the particular role these structures play for the atmosphere and
the ocean. First, the low-frequency variability of the atmosphere is characterized by the



existence of recurring, organized and geographically fixed flow patterns, so called telecon-
nections or atmospheric blocking. These patterns provide the by far largest contribution
to the total variance of the atmospheric flow [57]. Many of the global teleconnection pat-
terns can be interpreted in terms of barotropic Rossby wave propagation [38]. Therefore,
to examine the properties of Rossby waveguides, i.e., the preferred paths of Rossby waves,
is important for an understanding and correct interpretation of the dominant patterns of
the atmospheric variability. Second, coastal areas are of particular importance, e.g., for
terrestrial ecosystems. Regions, favorable for trapped large-scale waves, may be influenced
directly by such disturbances, with positive or negative impacts for the coastal inhabi-
tants. Nicol et al. [61] showed recently that the ocean circulation close to the coast of
Antarctica affects the ecosystem structure and the sea-ice extent. In view of such results
it appears to be essential to study all aspects relevant for the existence (or non-existence)
of Rossby waveguides.

Let us now briefly sketch the content of the following five chapters. The theory used
to describe Rossby wave propagation in different basic flows in bounded and unbounded
domains is outlined in chapter 2. Here we discuss the Wenzel, Kramers, and Brillouin
(WKB) approximation and the ray theory related to this perturbation technique. The
so called ray tracing equations (useful to describe Rossby wave packet propagation) for
quasigeostrophic Rossby waves are derived, first for nonzonal background conditions. Sub-
sequently, these equations are simplified for the case of zonally symmetric flows crossing
a surface with no topography. We also discuss briefly the method of eigensolutions and
consider the relationship between this technique and the ray method. Several novel ap-
plications of the ray tracing equations and the method of eigensolutions in the context of
Rossby waveguides are given in the chapters 3 to 6. These four chapters form the central
part of the thesis.

In chapter 3 we study trapped Rossby wave packets as well as trapped monochromatic
modal waves, in a high-latitude shear current which is bounded at its southern side.
Thereby, we shall envisage some simple variations of the atmospheric waveguide concept
(cf. [39], [38], [4], [3]), in which locally excited Rossby wave packets in a zonal mean basic
flow are captured between two turning latitudes (see Fig. 1.1B). The waveguide considered
in chapter 3, however, is not confined within two turning latitudes but within a turning
latitude and a reflecting wall (see Fig. 1.1B and C). Clearly, such a configuration will
hardly be relevant for the large-scale atmospheric flow; however, a natural application
could be the flow in the southern polar ocean with Antarctica as its southern boundary.

While we considered trapped Rossby waves in a medium without a local source of
wave energy and without dissipation in chapter 3, in chapter 4, in contrast, we excite
stationary waves locally and study Rossby wave propagation in the presence of dissi-
pation in a linear f-channel model with different lateral boundary conditions [22]. The
channel is periodic in the zonal direction and we use either open lateral boundaries or an
open northern boundary and a reflecting southern boundary. Thus, Rossby waves may
either be radiated through both lateral boundaries or through the northern and be re-
flected at the southern boundary. The central aim of chapter 4 is to demonstrate that the
trapped modes found in the nondissipative and unforced situation by the WKB-approach
are also of relevance under more realistic conditions. Consequently, we perform different
quasi-geostrophic model simulations, varying the basic flow profile and using the different
boundary conditions mentioned above. In contrast to chapter 3, chapter 4 highlights the
two-dimensional structure of locally excited wavetrains along a reflective boundary in a
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weakly dissipative medium, without using the WKB-assumption.

In chapter 5 we focus upon Rossby waves in zonally averaged barotropic flows with
so called pseudo critical levels. The phenomenon of viscous absorption and non-linear
reflection of Rossby waves at a critical level where the zonal phase speed c is equal to the
zonal mean velocity U(y) has been widely studied (cf. [45], [104], [15]). Wave packets are
attracted by critical lines but, using linear theory, they collapse to infinitely small scales
and vanishing amplitudes when approaching them [43]. WKB theory breaks down at these
levels and, furthermore, no global solution of the amplitude equation can be found. In
chapter 5 we focus upon the special case of Rossby waves in a zonally averaged shear flow
when levels where U — ¢ = 0 exist but, additionally, the background potential vorticity
gradient vanishes at these levels. We call such levels “pseudo critical levels”. Although c
is equal to U(y), such levels are no critical levels since, for an approaching wave packet,
neither the amplitude tends to zero nor the meridional wavenumber tends to infinity.
Logically, trapped neutral wave modes exist in such a flow in contrast to a mean flow
with a critical level. Surprisingly, no “classical” waveguides discussed in the chapters 3
and 4 can exist since local disturbances are unable to reach the turning points. However,
we show that wave packets can be guided by the pseudo critical levels itself. This opens
the possibility for a Rossby waveguide without the necessity of turning points in the flow.

In chapter 6 we highlight the nonlinear aspects of large-scale wave propagation, in
particular, we consider ray chaos of Rossby waves in a waveguide system, and point to ill-
understood nonlinear features of Rossby wave propagation in an inhomogeneous medium.
The ray tracing equations, derived in chapter 2, form a system of nonlinear ordinary
differential equations determining the position, frequency and wavenumbers of a local
Rossby wave packet in the background flow field. If neighboring ray trajectories diverge
exponentially, this is called ray chaos in wave propagation theory (cf. [2]), in analogy
to particle dynamics. There is a strong connection between chaotic mixing in particle
dynamics and ray chaos in wave propagation theory [99]. However, where there is no
doubt that chaotic mixing has a physical relevance in many different physical systems
([70], [98], [79], [84], [85]) the relevance of ray chaos is not clear, even in ocean acoustic
tomography, where it is studied most intensively [59], [102]. In a series of remarkable
papers by Yang ([99], [98], [100]), Rossby wave packet mixing and the so called wave
packet chaos was studied. Following this approach, we examine the situation of a local
Rossby wave packet trapped in a zonal waveguide which may become “unstable” due
to zonal inhomogeneities. If other waveguides are situated in the neighborhood of the
“unstable” one, the wave packet may become trapped in one of those but this guide may
also become “unstable” after some time. In such a waveguide system (typical for the
atmosphere of the giant gas planets) a wave packet can jump in a nonpredictable way
between different waveguides.

This brief overview shows that each chapter examines a particular aspect of the theory
of Rossby wave propagation. Nevertheless, the term “Rossby waveguide” is the central
thread, bringing the chapters of the paper together and relates them to one another.



Chapter 2

Theory

Solving a wave equation one may either proceed with the method of characteristics, some-
times called theory of rays, or with the theory of eigensolutions. Here we use both theories
and therefore we will describe them briefly in the following.

2.1 Ray theory

There are two kinds of ray theories whose results are sometimes identical, sometimes very
different. One is based on the theory of characteristic curves and surfaces associated with
partial differential equations. Its results are always rigorous and this method has been
applied for a variety of problems in geophysical fluid dynamics, e.g., by Baines [6] for
the problem of mountain waves in a nonlinear hydrostatic flow, by Ehrendorfer [20] for
solving the Liouville equation in the context of ensemble prediction, and by Maas et al.
[54] for internal wave propagation in closed domains like ocean fjords.

The other ray theory, called ray tracing, is related to geometrical optics in weakly
nonhomogeneous media. The results of this theory are rigorous only when the partial
differential equations have constant coefficients [19]. This kind of ray theory is associated
with the WKB method of perturbation theory and gives good approximations to the true
solutions if the coefficients vary slowly in space and time. Since ray tracing is used in the
present work we describe the method in the following section.

2.1.1 WKB method and ray tracing

Zonally asymmetric basic flows with topography The WKB approximation as-
sumes a separation between “slow” and “fast” variables. Hence we introduce the following
time and space variables:

T=¢t , X=ex , Y=ey |, (2.1)
with € < 1 and use the WKB wave packet ansatz

Yo =¢(X, Y, T)exp(i(X, Y, T)/¢) (2.2)
where § = (—1)'/2, and

w(X’Y’T) = ’&O(XaY’T)'FaZl(XaYZT)
+ EP(X, Y, T)+ - (2.3)
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to solve the wave equation under consideration. Further we define the local frequency and
the local wavenumbers in the zonal and meridional directions as

00 00 00

O=—55 ;s Moo, N=o (2.4)
From this definition we obtain the relationships
G __om oo _ o0 om_on (2.5
0X or aY or aY 0X
and the so called Fikonal equation of wave packet theory
((99_1; +Vo =0, (2.6)

where V = (0/0X,0/0Y), and K = (m,n) is the local wave vector. Following Yang [97],
the equation also can be called the “conservation of crests equation.” If we consider the
vector K as a directional density of crests in space, and the frequency o as a flux of crests
past a fixed point, crests are neither destroyed nor created, and the crest density and flux
are related through (2.6).

We concentrate on Rossby wave propagation employing the barotropic quasigeostrophic
theory on the § plane (cf. [73]) or on the J-surface (cf. [97]). The vorticity equation written
by using the geostrophic streamfunction v, reads

0 OYg 0 Oy 0
(54 e -G ) (- P+ f) +ha) =0, (2)

where V? = 9°/02% 4+ 9 /0y?, F is a constant, f is the Coriolis parameter, and hp(z,y) is
the topography. Linearized about a nondivergent basic flow U = (U(T,Y), V(T, X)) this
equation written in the slow variables reads

8 _ a — 8 22 a@bo 8¢0 _
(68_T + UGa—X + VGa—Y> (6 V wO - FwO) + Blea—X - 3268—Y - Oa (28)

where

B dif  ,0°U  0hg B )
Bl(T, X, Y) = FU+€d—Y—€ m"‘éa—y, BQ(T, X, Y) = —FV+€

0’V Ohg

Here B; (B,) is the meridional (zonal) gradient of the background potential vorticity.
Assuming slowly varying coefficients, we may introduce the wave packet ansatz (2.2) into
(2.8). Collecting terms of order O(e’) we find the equation determining the unknown
phase function (7T, X,Y)

ATEIAY AN

oT |\ ox oY
90 0f 00 \> [0\
a0 o0

— SxBit B (2.10)
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Using the definitions (2.4) it can be seen that (2.10) is the dispersion relation for Rossby
waves

o[m(X,Y,T),n(X,Y,T),U(Y,T),V(X,T), Bi(X,Y,T), Bs(X,Y,T) ]
m n
B+ B, (2.11)

= Um+Vn—K2 702

where K? = m? + n?> + F. Making use of (2.4) and (2.5) it is obvious that (2.11), (2.10)
and (2.6) are equivalent and all three equations are the Eikonal equation of WKB theory®.

It is not easy to find 6 from (2.10) since this equation is a complicated nonlinear partial
differential equation, although our starting point was the linear problem (2.8). The usual
approach here is to introduce characteristic coordinates, i.e., to use the method of char-
acteristics, mentioned above, to solve (2.10). As said before, the method of characteristics
is mathematically exact. Therefore note that ray tracing is an approximation to the true
solution only because (2.10) is obtained via a perturbation method and not because of
the ray theory used. This fact is sometimes confused in literature. Thus, in the case of
constant coefficients, ray tracing gives the mathematically exact solution of (2.8) along
the characteristic curves of (2.10).

The formal approach how to find 6 from (2.10) by the method of characteristics is given
in detail, e.g., by Holmes in §4.6 of his book [37] for the case when the coordinate curves
are orthogonal on the wave fronts 6(X,Y,T) = const. More general situations, relevant
for Rossby wave fronts, are discussed in detail by Courant and Hilbert [17] volume 2,
chapter 2, §3. An application of this approach for Rossby wave propagation is given by
Smith [87]. Less formal but maybe more intuitive is the derivation given by Yang [97].
Taking

A - _ m n
Flo,m,n, X,)Y)=—-0c+Um+Vn— FBl + 7
as function of five independent variables o, m,n, X,Y we may use the formulas given by
Courant and Hilbert [17] to compute the characteristic curves of F along the parameter
s:

By =0 (2.12)

ax _ of
ds  Om
dY oF
—_— = —. 2.1
ds on (2.13)

Specifying time T as curve parameter it follows that the characteristic curves of (2.10)
are tangential to the group velocity Cg = (Cyz, Cyy)

D, X .

= = U—K *{BK*~2m[Bim — Bynl} = C,,

DY .

DgT = V4+ K 4 {B2K2 + 2n [Blm - Bgn]} = ng- (214)

Here the index ¢ indicates that the derivative is taken along the ray path. Therefore,
the “Lagrangian” operator D,/DT can be transformed in the “Eulerian” form using the

! As shown by Ockendon et al. [64] (page 360, §8.3), the Schrédinger equation can be transformed to
the Hamilton-Jacobi equation by using the WKB ansatz. Therefore some authors (e.g., [19]) call (2.10)
Hamilton-Jacoby equation instead of Eikonal equation.
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group velocity as advection speed

D 0 0 0

DT ~— 0T ' 99X (2.15)

Next, (2.11) have to be differentiated with respect to T and further, (2.11) can be inserted
into (2.6) to obtain

DT orT oT oT oT
ng _ oV 728B1 72632

D [ OU 50By 0By

DT { Moy ~ K ey T BY}

The equations (2.14) and (2.16) form a system of nonlinear ordinary differential equations
and are the basis of Rossby wave ray tracing. The equations determine the evolution of a
local Rossby wave packet if the initial position, the initial frequency, and the initial local
wavenumbers are known.

Introducing the wave packet ansatz (2.2) into (2.8) and collecting terms of order O(e')
we find the equation determining the unknown first order amplitude (X, Y, T)

(8 + Ui—i-vi)KQ%—(a—Um—Vn)

oT 0X oY
om 0On)\ - 0 9\ -
{(a—ﬂa—y)%”(ma—f”a—sf)%}
Ay o)

which is called transport equation in WKB theory. From the solutions of (2.10) and (2.17)
we obtain g ~ 1)y exp(if/€). This is usually called WKB approximation to the true solu-
tion. However, although linear in Yo, (2.17) is hard to solve, even along a single ray path.
The reason is that the divergence of the wavenumber vector along the ray is unknown.
Only if initial conditions for the amplitude, wavenumbers and frequency are given for the
whole spatial domain, (2.17) can be integrated along the characteristic lines of (2.10).

Zonally symmetric stationary basic flows without topography If we assume
U = (U(Y),0) and hg = 0 (i.e., the coefficients in (2.8) do depend on Y only), closed
WKB solutions can be found for # and v, without the use of the characteristics method (cf.
[66], [37]). In this simple case the barotropic quasigeostrophic potential vorticity equation
reads

0 -0 92 oy
<€a—T + UGa—X> (6 \Y @bo - F¢0) + BEa—X = 0, (218)
where )
—Fo 4 20U
B(Y)=FU + “v € aye (2.19)
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Then we can use the wave packet ansatz

Yo = (1/30(Y~) +en (V) +--)
exp(i0(Y)/e) exp(i(mX — oT)/e) . (2.20)

Here, the phase function in (2.2) reads 6(X,Y,T) = 0(Y)+mX — 0T, where m and o are
constant and n(Y) = df/dY . Then a local wave packet is obtained by a superposition of
waves with different m and o. The Eikonal equation (2.10) reads

dd , B )

)2 = — —F 2.21
v . ™m~-F (2.21)

n(Y)* = (

with ¢ = o/m. The transport equation (2.17) reads

d?0 - df diy

— 2———=0. 2.22
v 2y ay 0 (2:22)
The analytical solutions of (2.21) and (2.22) are

C

Ol (2.23)

é(Y):/Yn(Y)dY and 1Jo(Y) =

where C' = const. The dispersion relation (2.11), the characteristic curves (2.14), and the
evolution of the frequency and the wavenumbers along these curves (2.16) read for this
simple case

o = Um—%B , (2.24)
%’7{( = U-K*B(n’-m’+F) , (2.25)
ngij = K*2nmB (2.26)
% -0, (2.27)
%’;n =0 , (2.28)

From (2.24) the total wave number for a purely zonal and only y-dependent basic flow
is given by
B(y)

Uly) —o/m
Thus, Rossby wave propagation is possible only when the total wavenumber is real. Oth-
erwise the Rossby waves are evanescent or unstable relative to the spatial directions.

K%(y) :=m? +n*(y) = —F . (2.30)

2.1.2 Turning points, critical levels, and pseudo critical levels

Regions of particular interest for wave propagation are turning points, critical levels, and
pseudo critical levels, defined below for zonally averaged flows.
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Rossby wave packets approaching a turning point (also called “caustic” in the litera-
ture) when K2 — m?, Cpy — 0, n — 0, 222 stays finite, and ¥y — oo (cf. [38], [95]). At
these lines the WKB assumption is not valid, and the prediction of the value of n(y) is in-
correct. However, near the turning latitudes all terms in which n appears can be neglected
and the (temporarily) incorrect value of n does not affect the evolution of the group ve-
locity (cf. [67]). Therefore, (2.24)-(2.29) can be (numerically) integrated regardless of the
turning points.

A critical level is defined as a region where K, or ¢(Y') tends to infinity. At these levels
the WKB assumption breaks down too, and U — ¢ — 0, Coy — 0, n — o0, % — 0,
and ¥y — 0. These levels are therefore sometimes called ”the black holes of (linear) wave
packet propagation” (cf. [43]).

We define a pseudo critical level as a region where both B — 0 as well as U — ¢ — 0
such that their ratio K? (see 2.30) is finite. Then Cypy — 0, n stays finite, % — 0,
and U, stays finite. At pseudo critical levels wave packets do not collapse and the WKB
assumption is still valid. Such lines are neither critical levels nor turning points of the
flow. However, a wave packet approaching such a line is unable to escape. Therefore, in a
flow with pseudo critical levels waveguides for stationary wave packets do not occur. On
the other hand, since the amplitude equation is non-singular, global solutions in form of

trapped neutral wave modes can exist (see chapter 5).

2.2 Theory of eigensolutions

The classical wave equation is simple enough that its general solution can be written down
in terms of two arbitrary functions. However, choosing these functions to satisfy required
initial and boundary conditions may be difficult.

The basic idea of finding solutions with the desired properties is generally associated
with the “separation of variables” approach. This method, together with applications in
ocean flows as well as low and middle atmosphere dynamics, is discussed in detail for
the baroclinic case on the sphere in the books by Eckart [19] and Volland [91]. However,
frequently the basic flow is neglected to obtain analytical solutions. Let us demonstrate
the method by considering (2.18), i.e., by considering zonally averaged basic flows. Then
a separation ansatz

o = @Z(y) exp(im(z — ct)) (2.31)
is appropriate, where m,c are constants. Introducing (2.31) into (2.18), we obtain the
eigenvalue problem

LY =\, (2.32)

where £ is the linear differential operator £ = d?/dy? + Q(y) with the potential Q(y) =
B(y)/(U(y) — ¢) — F, and A = m? is the eigenvalue.

For some potentials Q(y) the general solutions t(y, A) is known. However, the values
of A are strongly limited due to the boundary conditions of the problem. In the situations
considered here, the eigensolutions, frequently called normal modes, correspond to trapped
modal waves and the eigenvalues to zonal wavenumbers.

Inspecting (2.21) we see that Q(y) = n(y)? + m?. Therefore, assuming

D(y) = o (Y) exp(ib(Y)/e), (2.33)
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(2.23) form the WKB solution of (2.32). Appropriate eigenconditions can be formulated to
compute the zonal wavenumbers and corresponding eigensolutions such that 1/;(y) fulfils
the boundary conditions (see, e.g., (3.16) and (3.17)).

Eckart [19] discussed on the normal modes of a general compressible, nonhydrostatic,
baroclinic, and spherical atmosphere with various approximations. A recent discussion
on Eckart’s theory using the WKB approximation is given by Phillips [76]. Volland [91]
gives analytical solutions for gravity waves, Rossby-Haurwitz waves, Kelvin waves, Yanai
waves, and further discusses the effect of a nonvanishing zonally averaged flow on these
normal modes. Zimmermann [103] and Miiller [58] use a shallow water model on the
sphere and focus upon the normal modes in an environment with nonzero zonal basic
flow. Kasahara and Qian [44] compare normal modes for a hydrostatic and nonhydrostatic
global atmospheric model and discuss acoustic-inertia oscillations. Normal modes can also
be computed in the case of zonally inhomogeneous basic flows by solving the eigenvalue
problem numerically after discretizing the problem (cf., e.g., the appendix of [81]).

2.3 Concluding remarks

Generally, there are two types of eigenvalue problems for zonally averaged flows: (1) Those
defined at a constant real wavenumber m, for which the eigenvalues are the real or complex
frequencies o(m), and (2) those defined at a fixed real o, for which the eigenvalues are
the real or complex zonal wavenumbers m(c). The first type is common in instability
studies, whereas the second type is appropriate when studying wave propagation with
a real phase speed, in particular stationary waves. However, the solutions of the two
eigenvalue problems must not be identical, as showed by Ripa and Zavala-Garay [80]. As
long as the eigenfunctions form a complete set an arbitrary function can be decomposed

as
oo

Y(z,y,t) = /Oo L_O An(m)zﬁg(y, m) exp(—ian(m)t] exp(imz)dm, (2.34)

—0oQ
for the type 1 eigenvalue problem, and as

o

w@%ﬂ=/

o0
N lz B, (o)Yn(y, o) exp(imy, (a)x] exp(—iot)do, (2.35)
- n=0
for the type 2 eigenvalue problem. The Q/AJZ ,1/3,? are the eigenfunctions, A, and B, are
constants for each m and o, respectively (which can easily be computed from the ini-
tial (boundary) conditions, if the eigenfunctions are orthogonal). Here only the second
type of eigenvalue problems is considered and we are interested only in solutions with
real wavenumbers, i.e., waves not damped or amplified spatially. Moreover, in dispersion
diagrams usually the real frequencies are plotted against the real wavenumbers which
are the same for both types of eigenvalue problems. However, it should be noticed that
considering only real frequencies and real wavenumbers, neither the type 1 nor the type
2 eigenfunctions are complete in general.

In acoustic tomography, ray tracing and eigenmodes expansion is treated on an equal
basis to compute wave front arrival patterns. The two concepts are considered as two
alternative methods of sound field representation. This is true as long as the eigenmodes
form a complete set. Then the initial disturbance or the source function can be expanded
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by these modes. Each mode propagates with a known velocity and a sonogram is con-
structed by a linear superposition of all modes at the receiver [59]. However, the trapped
neutral Rossby wave modes computed in the chapters 3, 4, and 5 are far from being com-
plete. Therefore, using only these modes, an arbitrary disturbance cannot be written as in
(2.35). Therefore a local wave packet cannot be obtained by a linear superposition of the
wave modes under consideration, but, e.g., as a superposition of a spectrum of Fourier
modes. From this point of view, Rossby wave ray tracing is not equivalent to neutral
eigenmode analysis but the two methods complement one another. Thereby, the tech-
nique mentioned first is convenient to compute the dispersion of localized disturbances.
However, using ray tracing, the modal solutions can be obtained along the ray paths if
the local zonal wavenumbers and frequencies in (2.25) to (2.29) are equal to the one of
the modes (i.e., the eigenvalues).

When critical levels appear in the flow, no discrete eigenmodes exist and a perturbation
can no longer be composed by a sum of modes. Recently Maas and Lam [54], Maas et al.
[53] and Maas [52] investigated internal waves in non-rotating stratified fluids and rotating
homogeneous fluids in closed containers. They showed that in a wide range of container
shapes, the wave motion cannot be represented as a sum of modes although no critical
levels exist but so called wave attractors. Therefore it is not safe to assume, e.g., that
internal wave motion in a density-stratified lake can be represented in terms of a sum of
modes [7].

We shall not end this chapter without mentioning that since some of the basic flows
highlighted in the chapters 3, 4, and 5 are barotropically unstable, local wave packets may
grow (or decay) due to barotropic instability. This process is not included in the standard
ray tracing method.



Part 1

The linear point of view






Chapter 3

Rossby waves in high-latitude shear
Hlows

In this chapter we investigate the dynamics of trapped Rossby waves at high latitudes
in zonal ocean currents with linear and jet-like shears. As integration domain, we use a
modified 8 plane (with a rigid boundary at the poleward side), where the second deriva-
tive of the Coriolis parameter with respect to latitude is taken into account (4 term). We
distinguish between trapped modal Rossby waves and trapped Rossby wave packets. The
former exhibit a monochromatic wave structure alongshore but have a modal structure in
the direction perpendicular to the boundary. In contrast, trapped wave packets form a lo-
cal disturbance and consist of a superposition of a range of different Fourier modes rather
than a single wave. We study the propagation and the structural change of barotropic
quasi-geostrophic Rossby wave packets by means of a WKB method and consider also the
amplitudes and wave numbers of the corresponding trapped modal waves. The amplitude
equation is solved either by the WKB method or by analytical and numerical techniques.
Basic flows and wave frequencies are prescribed in such a way that no critical lines can
occur. We compare analytical, asymptotical, and numerical solutions of trapped modal
waves and discuss the influence of the earth’s sphericity on the wave packet propagation
and on the eigenvalues and eigenfunctions of the trapped modal waves. Dispersion dia-
grams of the coastally trapped modal Rossby waves in the considered shear flows are also
presented. The dispersion curves show that trapped modal Rossby waves exist for a wide
range of different basic flow amplitudes, shear strengths, and frequencies. It further turns
out that for a high-latitude £ plane, the ¢ term should definitely be taken into account.
We suggest that such a selective Rossby waveguide may play a role in the dynamics of
the Antarctic Circumpolar Current.

The chapter is organized as follows. In section 3.1 we recapitulate briefly the quasi-
geostrophic scaling of the shallow-water equations with particular emphasis on the oc-
currence of the 6 term. Then we present the wave packet equations resulting from the
application of the WKB method to the linearized quasi-geostrophic potential vorticity
equation. We also discuss the boundary conditions implied by the rigid wall and further
the WKB amplitude equation and the eigencondition for trapped modal waves. In section
3.2 we show wave propagation diagrams and a Rossby wave packet path computed by
means of the WKB method. The dependency of the waveguide on different basic flows
and on the earth’s sphericity is investigated. Furthermore, we compare wave numbers and
amplitudes of trapped modal waves computed with the asymptotic method to numerical
solutions in order to measure the validity of the WKB method. In section 3.2.3, dispersion
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curves of trapped modal waves are discussed for the different situations investigated. In
section 3.3 we discuss our results and draw some conclusions.

3.1 Model

In this section we discuss first briefly the relevance of the so-called § term in the quasi-
geostrophic vorticity equation. Then we discuss the boundary conditions required for the
ray tracing. Subsequently, we derive the eigencondition for trapped modal waves.

3.1.1 Quasi-geostrophic scaling of the shallow-water equations

As pointed out above we are concerned with a high-latitude flow on a modified 8 plane
where the 8 term alone may not be sufficient to provide an adequate representation of the
effects of sphericity of the earth. Therefore we retain the second term in the Taylor-series
expansion of the Coriolis parameter on this 8 plane and write

112,
f~vfo+ Boly — §7f0¥y ; (3.1)

where fo = 2Qsin| ¢ |, 7 = 1 for the Northern Hemisphere and v = —1 for the Southern
Hemisphere, respectively, 8y = (2€2/a) cos ¢p, L is a length scale, and y is the dimensionless
meridional coordinate. Here ¢, is the tangential latitude of the 8 plane, and a denotes the
earth radius. Note that (3.1) approximates the Coriolis parameter as a quadratic function
of the dimensionless y coordinate. Proceeding as in the classical quasi-geostrophic scaling
of the shallow-water equations (cf. [73]), i.e., using a velocity scale U and a timescale
L/U, the quasi-geostrophic vorticity equation is obtained from the O(ek)-problem after
expanding the (dimensionless) variables in a power series in the small Rossby number €,

U

€ER = fO—L (32)

Here we focus on the Coriolis term in the form found, e.g., in the dimensionless zonal
momentum equation

ou 0
@5;+~-+<7+By—7§f>v=-~ : (3-3)

where the dots represent the remaining terms in the equation which are not relevant for
our purposes. Here 8 = ByL/fy and § = L?/a?. Clearly, 6 must be of the same order as
B, that is of O(eg), to be retained in the O(ek)-problem, i.e., in the quasi-geostrophic
vorticity equation.

We consider here large-scale flow systems; hence we assume that L ~ 10° m which
implies § ~ 10~2. Under usual midlatitude atmospheric conditions U =~ 10 m/s , fo ~
10*s7! and eg ~ 0.1. Thus ¢ is at most of O(e%) and can be neglected. If, however, we
assume a large-scale, high-latitude oceanic flow with U &~ 1 m/s then the Rossby number
decreases to 1072 and thus § = O(eg). Therefore the ¢ term should be retained [68], [96],
[97]. Note that, for example, observations of the austral winter mean surface circumpolar
current around Antarctica (cf. [75]) suggest that the assumption of U = 1 m/s must
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not be entirely unrealistic. Even in this case, however, [ is still larger than 4, but for
high-latitudes we may assume 5 = O(eg).

It should be mentioned that the linear latitude dependence of the Coriolis parameter
is not the only shortcoming of the conventional 5 plane approximation and that therefore
the modified 5 plane discussed above is not a perfect approximation to the spherical
geometry. We do not consider the geometrical effect of the convergence of the meridians at
high latitudes discussed by Bridger and Stevens [14]. This effect leads to wave distortions
near the poles. However, we believe that the simplicity of our approach can be justified as
a reasonable first approximation since here the modified 8 plane is centered at ~ 55°S,
and the waves are reflected by the coast and can therefore not propagate very close to the
poles.

3.1.2 WKB solution of the quasi-geostrophic vorticity equation

Assuming a (geostrophic) zonally symmetric basic flow U that depends only on the y
coordinate, the linearized (dimensionless) quasi-geostrophic potential vorticity equation
for the perturbation stream function vy is given by (2.18) with

-

- = 0°U

€
other symbols have their conventional meanings. Note that we have included in (2.18) the

effects of an upper free surface (“Froude” parameter F = f2L?/gD = O(1), with D the
vertical scale height). Except for the § term, (2.18) and (3.4) are of standard form (e.g.,
[73]).

where 1y is the O(e%) stream function, 8 = % =0(1),6 = % = O(1), and all the

Ray-tracing equations The ray tracing equations are given by (2.24)-(2.29). We con-
sider a half plane, i.e., a domain extended infinitely in the east-west and north direc-
tions and bounded by a rigid wall at ¥ = —0.2. In terms of the dimensional coordinate
y* = LY /e, this boundary corresponds to y* = —1400 km for L = 700 km. At this latitude
Rossby wave propagation is allowed in all directions except southward. Hence we assume
Rossby wave reflection at the southern boundary at ¥ = —0.2. It is well known (e.g.,
[73]) that the energy flux vector of the Rossby wave packet bounces off the wall elastically
with the angle of reflection equal to the angle of incidence for the energy and wave packet
trajectory. A helpful geometrical representation of the reflection process was introduced
by Longuet-Higgins [51] and Pedlosky [73]. For the reflection at an east-west oriented
boundary, it can be shown that the zonal wavenumber is conserved, but the meridional
wavenumber reverses its sign. This implies the following conditions for the wavenumber
and group velocity changes at the boundary:

m, = m; , (3.5)
n., = —-n; |, (3.6)
Coxr = Cyxi (3.7)
Covr = —Cyy; (3.8)

W
7

Here “reflection” and “incidence” are indicated by “r” and “4”, respectively.
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The amplitude equation For some rare cases, the amplitude of (2.18) can be com-
puted analytically via (2.32). However, in the case of slowly varying coefficients, (2.20)
together with (2.23) form an approximative solution to (2.32). Defining

qV)=-nY) =F+m®— B : (3.9)
U-c

(see (2.21)) we realize that for ¢(Y) < 0 the WKB solutions (2.20) are characterized by
oscillations, whereas for ¢(Y') > 0 the solutions grow or decay exponentially. The former
is the case for Y < Yr; the latter is for Y7 <Y, where Y7 is the turning latitude, defined
by ¢(Y) = 0. The WKB solution is not valid near the turning points. The Y component
of the group velocity of the Rossby wave packet falls to zero at Yy, and wave energy
can propagate no further in the Y direction. A caustic forms at Y, (the meridional wave
number becomes zero and the mean energy density of the wave becomes infinity), and
elementary wave theory breaks down. A more complete analysis (e.g., [49], [37]), which
is still based on the linear approximation, resolves the singularity and finds the solution
near Y7 to have the form of an Airy function. The waves are turned back as a reflected
wavetrain with equal and opposite magnitude to the incoming one, and the solution
beyond Y7 decays rapidly to zero. In our case we have a single zero at the turning point
with ¢'(Yr) > 0. Using a linear approximation for ¢(Y) near the turning point, it can be
shown (e.g., [37]) that beyond the turning point

1 1 T
wo(X,KT) = W {20,R COS ZH(Y) — Z:|
1
+ bgcos [EH(Y) + ﬂ beos®, if YV <Y, (3.10)
1 1
(X, Y, T) = W {aR exp [—EK(Y)]
1
+ brexp [—K(Y)] }eos®, if Yr <Y, (3.11)
€
with & = %(mX —oT),
Yr
00) = [ lals) V2 ds (3.12)
v
and v
K(Y) = / q(s)2ds . (3.13)
YT
In the layer close to the turning point, the solution is
Yo(X,V,7) = /% {adi ()Y
+ bBi [(q'T)l/3}7] }cos® | (3.14)

where Ai[-] and Bi[:] are Airy functions of the first and second kinds, respectively, and
¢r = q(Yr)" and

~ Y —-Yr

v = /3 ’

a = 21'%(¢p) Voar
b 7T1/2(q5~)_1/6bR
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Trapped modal waves To compute trapped modal waves, the solutions (3.10)-(3.11)
have to meet the boundary conditions

bo(X,Y = Y5, T) = o(X,Y =00,T) =0 , (3.15)

where Yp denotes the boundary. This is the eigencondition of the problem. We see from
(3.11) that bg must be zero and

1
Z0(Yy) — % = g(% —1) with k=1,2,---,00 . (3.16)
€

If, for a chosen k, an m can be found such that

T m
—(2k—1)+ —
2( )+4

_ [ 172 q 3.17
€= lq(s) /" ds (3.17)
Y

then a trapped modal wave exists with zonal wave number m and mode k£ — 1; the mode
determining the number of zeros between the boundary and the turning latitude.

3.2 Results

In the following sections 3.2.1 and 3.2.2 we focus on wave packet propagation using (2.25)-
(2.29) and (3.5)-(3.8). Subsequently, we investigate trapped modal waves using analytical
methods (section 3.2.3), the WKB approximation (3.10), (3.11), (3.17), and numerical
methods (section 3.2.3). Finally, we discuss dispersion curves for the different coastally
bounded shear flows computed with the WKB method and numerically (section 3.2.3).
Thereby we concentrate on the Rossby wave propagation properties in sheared high-
latitude westerly ocean currents where (3 is smaller than in middle latitudes and the second
derivative of the Coriolis parameter becomes more important. The current is assumed to
be (1) bounded at its southern side by a rigid east-west oriented boundary at Yz = —0.2
and (2) situated in the Southern Hemisphere (i.e., v = —1 in (3.4)).
In the experiments two different basic flows are used, (1) a linear flow profile

_ U

U(Y) Y+ A (3.18)

T e
and (2) a jet-like basic flow profile

U;(Y) = Uy exp {— (%)2} : (3.19)

where U, and A are constant. In all situations where experiments with the different basic
flow profiles are compared, we define A such that U;(Yg) = U;(Y5).

From the scale analysis described in section 3.1.1, we find the orders of magnitude of
the different nondimensional parameters in (2.18) and (3.4) to be

U~O1), F~0O(1),B~0(1), 5§~ 0(1). (3.20)

In Figure 3.1 we show the parameters 5 and § as a function of latitude between 45° and
89°. In our experiments the reference latitude for the modified 8 plane is assumed to be
55°. Furthermore, we use L = 700 km, U = 1 m/s, D = 2 km, where L is the horizontal
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Figure 3.1: The parameters 3 = By L?/U and § = L?fy/a®U as a function of latitude. Here
U=1ms', L="700km, aisthe earth radius, fo = 2Qsin | g |, By = (22/a) cos Dy,
and ®q is the latitude.
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Table 3.1: Different Ezperiments Described in the Text. In these erperiments f = 6.43
and F = 0.36. Furthermore, 6 = 1.01 or § = 0.

U Uo A 0,107 571
El equation (3.18) 0.5 1.018 0
E2 equation (3.18) 0.25 0.518 0
E3 equation (3.19) 1 - 0
E4 equation (3.19) 1 - -1.07
E5 equation (3.19) 0.5 - 1.07

length scale, U is the velocity scale, and D the zonally averaged depth of the current. Then
f =6.43,6 = 1.01, and F = 0.36. The parameter U, is varied in the range 0.25 < U < 1
and to test the significance of the § term, most experiments are performed also using
§ = 0. For convenience, the parameters used for some experiments described in the text
are given in Table 3.2.

In section 3.2.1 we discuss Rossby wave propagation diagrams for the different basic
flows, with and without the § term.

3.2.1 Wave propagation diagrams

Here we apply only basic flow profiles and frequencies that exclude the occurrence of
critical lines for all possible wave numbers. However, in section 3.2.3 we show that trapped
modal waves can be found even when the boundary is a critical line.

In Figure 3.2 we plot the turning latitude as a function of the zonal wavenumber for
different experiments. In the simplest situation E1 (see Table 3.2) shown in Figure 3.2a,
long waves can propagate far to the north, whereas short waves are strongly trapped
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Figure 3.2: Turning latitude y;(m). (a) Basic flow showing constant shear E1, (b) jet-like
basic flow E3, (c) jet-like basic flow E4, (d) jet-like basic flow ES with reduced amplitude
(solid line), jet-like basic flow E4 but with mazimum moved northward (dashed line),
mazimum of the basic flow at y = 700 km.
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and hardly leave the “coast.” It can be shown that no turning latitude exists for waves
with m < 1.5 if the 0 term is present (solid line). However, without the § term (dashed
line) almost all waves have a turning latitude, even if unrealistically far in the north (not
shown). Figure 3.2b shows the position of the turning latitude for E3. Now long waves
can leave the current and may reach regions with a very weak basic flow north of the jet.
Wave packets excited near the rigid boundary with zonal wavenumbers larger than three
are trapped between the “coast” and the turning latitude, whereas waves excited north of
the jet center cannot propagate far in the zonal direction since they are not trapped. As
shown in Figures 3.2a and 3.2b, the § effect modifies the positions of the turning points.
For the linear sheared basic flow the turning points would move to the north (south)
for shorter (long) waves if the 0 term would be neglected. For the jet-like basic flow the
turning points would be situated farther to the north for all coastally trapped waves.

A plausible physical mechanism for the occurrence of nonzero frequency Rossby waves
is, e.g., a fluctuating current over an ocean ridge. A “topographic wavemaker” would
cause oscillations with positive and negative phase speeds (cf. [95]). The § effect becomes
most important when nonstationary wave packets with negative zonal phase speeds are
considered. Figure 3.2c shows the position of the turning latitudes for E4 when the wave
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packets have a frequency of 0 = —1.07107% s™' (a period of 68 days). Now the waveguide
south of the jet center is more selective than in the stationary case, i.e., only waves in
a relatively small wavenumber range are trapped; the § term enhances this wavenumber
selection. However, for wave packets with allowed positive phase speeds (i.e., the phase
speeds are such that no critical line appears at the coast or north of it), the ¢ effect
becomes relatively unimportant. In this case, the two branches of the curve shown in
Figure 3.2b would move closer, the turning latitudes for coastally trapped wave packets
would move northward, and for sufficiently large frequencies the solid and dashed line in
Figure 3.2b would become indistinguishable.

In Figure 3.2d we show the turning latitudes for E5 (solid line) and for E4 but with the
jet-maximum moved 700 km northward (dashed line). A reduction of the jet amplitude
clearly forces the line ¢(Y') = 0 to shift toward larger wave numbers. Generally speaking,
the wavelength of trapped wave packets becomes smaller for a weaker jet. For a northward
shifted jet (and, as a consequence of this shift, for a jet with smaller meridional shear in the
near coastal region), the coastal waveguide becomes much more prominent (Figure 3.2d
dashed line). Furthermore, a weak waveguide with no coastal wave reflection is formed.
Waveguides of this type with trapping between two turning latitudes occur typically
in the atmosphere (cf. [38]) or the equatorial oceans (cf. [16]). It should be mentioned
that in the case 6 = 0 such a waveguide does not occur and that therefore also the
qualitative properties on the § surface can be different from those on the § plane. Yang
[97] (section 4.3.1., p.94) showed that for U /0Y > §/m? the qualitative properties of the
Rossby wave packet propagation are similar on the S plane and the § surface, whereas for
OU/QY < &6/m? they are not (note that the sign of the § term depends on the hemisphere
under consideration). This explains the appearance of the waveguide between two turning
latitudes in Figure 3.2d (dashed line) where the meridional gradient of the basic flow is
very small due to the northward shift of the jet.

3.2.2 Rays of propagation

In this section we discuss the rays of Rossby wave propagation for the zonal basic flow
profiles used. Since the group velocity vector points in the characteristic direction of the
Rossby wave packet propagation, we can integrate (2.25)-(2.29) along that characteristic
line. Usually (2.25)-(2.29) cannot be integrated analytically, and therefore we solve the
equations by using a fourth-order Runge-Kutta scheme and use in all experiments a small
WKB number of ¢ = 0.1. Note that a linear dependence of U from Y decouples the
meridional wavenumber evolution from the Rossby wave path. Therefore, (2.29) can be
computed independently from the actual path and thus can be considered as a single
ordinary nonlinear differential equation. In that case the “independence theorem,” first
mentioned by Yang [97], is valid. In Figure 3.3a and 3.3b we show exemplary the ray of
propagation and the local meridional wavenumber evolution of a trapped Rossby wave
packet in the jet-like basic flow E3. The propagation pattern shown can be considered
typical also for similar basic flow profiles and for different zonal wave numbers and local
frequencies. As initial conditions for (2.25), (2.26), and (2.29), we use X (0) =0, Y(0) =
—0.2 (= —1400 km), ¢(0) = 0, m(0) = 3.97 (= 1100 km wavelength), and n(0) = 14.52.
Furthermore, the boundary conditions (3.5)-(3.8) are applied.

Initially, the wave packets propagate northward and the meridional wavenumbers de-
crease, i.e., the meridional extension of the disturbances increases. For small meridional
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Figure 3.3: (a) Rossby wave packet path when four reflections occur at y = —1400 km
and (b) corresponding meridional wavenumber evolution. Jet-like basic flow E3 is used
with m = 3.97. Wawve packets are excited at x = 0, y = —1400 km; circles show 8.1 day
time intervals. The grey line in Figure 3.3a denotes the latitude from which the validity
condition is violated (see appendiz B). (¢) The distance and the wave packet propagation
time between two reflection points is shown as a function of the zonal wave number. Thick
lines correspond to 6 = 1.01; thin lines correspond to § = 0. Note that time in Figure 3.3c
has been multiplied by 10.
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wavenumbers the WKB approximation is no longer valid, and north of the solid grey line
the WKB validity condition discussed in appendix B is violated. However, when the merid-
ional wavenumbers change their sign, the wave packets are at their turning points, and
afterward they propagate southward until they reach the southern boundary, where they
are reflected to the north and so forth. Thus the gradient of the basic flow together with
the defined boundary reflection lead to a waveguide in the current, and the Rossby wave
packets may propagate long distances along the coast. Such a propagation is illustrated
in Figures 3.3a and 3.3b. We display 4.5 complete cycles of the wave packet “oscillation.”
The wave packet propagates in a clockwise manner from left to right. At the boundary
the meridional wavenumber changes its sign instantaneously (see Figure 3.3b) because of
the defined reflection condition. Therefore the structural oscillation of the packet has a
seesaw-like character. With the parameter setting used here it takes ~ 4.3 years for the
wave packet to travel 6475 km along the rigid wall. The maximal distance of that path
from the boundary is 615 km, and the distance between two reflection points is ~ 1450
km. As can be seen from Figure 3.3a, wave rays in the jet-like basic flows have the form
of large arcs, and the same is true for wave rays in the linearly sheared basic flow. We
find that the larger the zonal wave number the smaller are the arcs of Rossby wave packet
propagation.

Figure 3.3c shows the distance (solid line) and the time of propagation (dashed line)
between two reflection points as a function of the zonal wave number for the same param-
eters as used in Figures 3.3a and 3.3b. It is obvious that close to the wavenumbers of the
longest trapped waves, this distance becomes very large (~ 5000 km). This corresponds
to the strong increase of the distance between the coast and the turning latitude for waves
approaching this wave number range (see Figure 3.2b). Therefore, the arcs of propagation
of wave packets with a local zonal wavenumber of about three extend far in both spatial
directions compared to the arcs of all other trapped waves. As shown by the dashed line,
the propagation time between two reflections is not as sensitive to the zonal wave number.

Finally, we have plotted the two curves also for the case § = 0 (thin lines). While the
width of the arcs of propagation is not changed significantly by the ¢ term, the propagation
time becomes significantly longer.

Summarizing our results, we find large-scale coastally trapped Rossby wave packets
under various basic flow situations (different shear structures, different jet-amplitudes,
different positions of the jet maximum). As can be seen from Figures 3.2 and 3.3, the
effect of the § term on the high-latitude wave packet propagation must not be neglected.
The sphericity of the earth is responsible for a stronger trapping of the wave packets along
the coast, i.e., the wave groups stay closer at the boundary. Altogether the spectrum of
possibly trapped waves is narrower in the jet-like flow if the ¢ effect is taken into account,
especially for waves with negative phase speeds. Even the particular character of the
waveguide can be influenced by the sphericity, as discussed above and shown in Figure
3.2d.

3.2.3 Trapped modal waves

In this section we show modal solutions of trapped Rossby waves. First we consider an
analytic solution in the case of the basic flow showing a constant shear and the boundary
being a critical line. Subsequently, we compare trapped wave solutions computed numer-
ically to the ones estimated by means of the WKB method. Here we use the basic flow
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profiles (3.18) and (3.19). Finally, we show dispersion diagrams for the situations consid-
ered. As in sections 3.2.1 and 3.2.2, we discuss the effect of different shear profiles, different
shear strengths, and the ¢ term on the solutions. Furthermore, we vary the position of
U, = 0 and discuss the effect of this modification on the dispersion curves of different
modes.

An analytical solution In the case of a basic flow with a constant shear an analyti-
cal solution to the amplitude equation (2.32) can be found. Harlander et al. [35] present
this analytic solution (given previously by Schonfeldt [83]) with the ¢ effect included. In
contrast to equatorially trapped waves, where the amplitude decays ~ exp(—y?), the am-
plitude of the trapped Rossby waves decays ~ exp(—y), similar to trapped shelf waves. The
solutions are polynomials forming a complete set with structures similar to the Laguerre
polynomials, which describe the amplitude behavior of shelf waves with constant f and a
linear shelf topography (see, e.g., [48]). Note that in contrast to Kelvin boundary waves
and small-scale edge waves, for which the amplitude has a maximum at the coast, the
amplitude of the trapped Rossby waves is zero at the boundary. In the quasi-geostrophic
model, the condition of no mass flux through the coastal boundary is equivalent to 1) = 0
at the coast.

The analytic solution is shown graphically for different wave modes with as well as
without the ¢ term by Harlander et al. [35]. Comparing both solutions it is obvious that
neglecting the ¢ term leads to prominent differences in the trapped wave modes. Therefore
a high-latitude S plane should definitely take this term into account.

WKB and numerical solutions

In this section we give some representative examples of trapped wave amplitudes for the
basic flows (3.18) and (3.19) for stationary waves for which, in contrast to the analyti-
cal solutions, the boundary is not a critical line. We shall demonstrate that (3.10)-(3.11)
provides accurate approximations of the solutions away from the turning points by com-
paring them to numerical solutions obtained by a fourth-order Runge-Kutta method. Here
we do not compare the analytical solutions discussed in section 3.2.3 to the WKB solu-
tions (3.10)-(3.11). As discussed in Harlander et al. [35], the analytical solution assumes
a critical line corresponding to the coast and therefore (3.10)-(3.11) cannot be expected
to be accurate; that is, we cannot compute the zonal wavenumbers via (3.17) with suf-
ficient accuracy since ¢(s) has a singularity at the boundary. In Figure 3.4 we show the
zonal wavenumbers for trapped waves (mode 1) using the same parameters as in E1 but
change A in the basic flow (3.18). We computed the wavenumbers using the Runge-Kutta-
method, the WKB approximation, and, for A = 1, the analytical solution. For A — 1
the numerical solution converges to the analytical solution. However, the WKB approxi-
mation diverges for small A — 1. It further can be observed that by increasing A — 1, the
WKB solution converges slowly against the numerical solution.

Figure 3.5 shows the amplitudes of the trapped waves (mode 1) for E1 (Figure 3.5a)
(A =1.018) and for E3 (Figure 3.5b). The thin solid lines show the WKB solutions; the
thick solid lines show the numerical solutions for § = 1.01. It is clearly visible that away
from the turning points the asymptotic solutions are good approximations to the numerical
solutions. Within their respective domains of applicability, the WKB approximations for
the jet-like basic flow are essentially indistinguishable from the numerical solutions. Note
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Figure 3.4: The zonal wavenumbers of the trapped Rossby wave (mode 1) using the same
parameters as in FE1, as a function of A. The wavenumbers are computed numerically
applying the Runge-Kutta-method (solid line), by the WKB approzimation (dashed line),
and by the analytical solution (single filled circle for A =1).
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that the singularity at the turning latitude can be removed by applying (3.14).

We also plotted the amplitudes for § = 0 (dashed lines). Neglecting the sphericity of
the earth the amplitudes (and zonal wave numbers) change in the same way as predicted
by the analytical solutions (cf. [35]).

Dispersion diagrams for trapped Rossby waves in sheared zonal flows In this
section we discuss dispersion curves for trapped modal Rossby waves in different zonal
basic flows. The purpose is to demonstrate that for a sensible spectrum of high-latitude
shear flows trapped large-scale modal Rossby waves exist. Therefore we use (3.18) and
(3.19) and vary the strength of the shear in the basic flow, and for a fixed frequency o, we
vary the position of U;(Y) = 0 (i.e., we vary the parameter d defined as d = U;(Yg)—0/m).
Furthermore we use different  parameters.

In Figure 3.6a the dispersion curves for three trapped wave modes in the jet-like basic
flow E3 are shown (mode 0 thick solid line, mode 1 thick long dashed line, and mode
2 thick short dashed line). The dotted line indicates the occurrence of a critical line at
the boundary. Trapped waves cannot exist beyond that line, and therefore it defines an
upper bound for the zonal wave numbers of trapped waves. However, note that the wave
numbers of trapped waves also possess a lower bound. This is clear from Figures 3.2a and
3.2b: The lower the wave frequency, the smaller is the range of possibly trapped waves
and wave packets. The lower wave number bound of mode 1 and mode 2 can be seen in
Figure 3.6a.

The group velocity is positive for all trapped wave modes considered in Figure 3.6, i.e.,
a group of trapped waves always propagates from west to east. Altogether, the dispersion
of the trapped waves is relatively low but largest for long waves.

The thin lines in Figure 3.6a show the corresponding dispersion curves for the case § =
0, i.e., when the earth’s sphericity is neglected. As could be expected from the analytical
solution (not shown here), the dispersion curves move toward larger wave numbers. As
mentioned by Harlander et al. [35], the shift depends on the particular geometry of the
0 surface; however, the effect of neglecting the § term is prominent, also for the different
geometry considered by Harlander et al. Therefore, the neglection of the § term cannot
be justified in the high-latitude environment considered here.

Figure 3.6b displays the same dispersion curves as Figure 3.6a, but here the thin lines
show the corresponding WKB solutions obtained using (3.17). The curves are hardly dis-
tinguishable from each other. This demonstrates again the accuracy of the WKB solution
for the jet-like basic flow (3.19) (Uy =1, § = 1.01).

In Figure 3.6c we show the dispersion curves corresponding to parameter settings like
in E1 and E2, i.e., for different strengths of the constant shear. Following the conditions
of the jet-like flow, we consider only modes for which the distance between the coast and
the amplitude maximum is smaller than 1400 km. All other modes are assumed to be
physically unrealistic since their appearance is a result of the unbounded increase of flow
speed in (3.18), which was tolerated only because of the mathematical simplicity.

Comparing Figures 3.6a and 3.6¢, we find that due to the different shear structure, the
curves in Figure 3.6c are much steeper; that is, different frequencies correspond to similar
zonal wave numbers, especially for the higher modes. The main purpose of Figure 3.6¢ is
to envisage the influence of different shear amplitudes Uy on the trapped wave modes. We
know from Figure 3.2d (solid line) that the curve ¢(Y) = 0, which defines the regions of
wave packet propagation, is moved toward higher wavenumbers, if the shear is reduced. In
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Figure 3.6: Dispersion curves of trapped modal waves for different basic flows. (a) Pa-
rameters like in E3, § = 1.01 (thick lines) 6 = 0 (thin lines), (b) parameters like in
E3, 6 = 1.01 (thick lines), thin lines correspond to WKB solutions, (c) parameters like
in E1 (thick lines), parameters like in E2 (thin lines), (d) basic flow (3.18), Uy = 0.25,
d = Uy(Yg) —o/m. The dotted lines in Figures 3.6a, 3.6b, and 3.6¢ denote a critical line
atY =Yp.
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qualitative agreement with this, the dispersion curves move toward smaller wave lengths,
if the shear is reduced. This effect is most noticeable for mode 0, which corresponds to
the smallest-scale trapped Rossby waves. As a result of this shift, a third mode (mode 2)
of a trapped Rossby wave meets the amplitude condition given above. Thus a weak near
coastal shear leads to a larger number of trapped wave modes with smaller scales (larger
zonal wave numbers).

In the remaining Figure 3.6d we consider again the linear basic flow (3.18) with Uy =
0.25. In section 3.2.3 we defined d as a function of the zonal wave number m. (Note that
according to (2.30), wave propagation is possible only for d > 0 if B; > 0.) Figure 3.6d
can be interpreted in different ways. Our objective here is to discuss the effect of different
current velocities at the boundary on the trapped wave modes. Therefore we shall assume
the phase velocity o/m, U, and Yp as constant and vary the velocity at the boundary
only via the parameter A in (3.18). In other words, we move the line U;(Y) = 0 in the
meridional direction, while the shear of the flow is held constant.

It can be observed that the wave numbers of trapped waves are extremely sensitive
to a variation of d if a critical line is situated close to the boundary, i.e., if d ~ 0. Note
that the diagram also includes the case U;(Yp) < 0, i.e., a situation where the line of zero
basic flow is located north of the coast. Hence, also when a countercurrent exists near the
coast, trapped modal waves can be found if ¢ is chosen such that no critical line appears.

3.3 Discussion and conclusion

In this chapter we studied large-scale trapped quasi-geostrophic barotropic Rossby waves
in a high-latitude coastally bounded shear flow. We used a purely zonal and only merid-
ionally dependent basic flow without considering topography. Wave frequencies and basic
flows were chosen in such a way that no critical lines appear in the current. The waves were
investigated on a modified S plane situated on the Southern Hemisphere. The rigid east-
west oriented boundary was located in the southern part of the model domain. In spite of
its simplicity, which allows for analytic and asymptotic solutions, the model includes some
features typical for the ACC. For a high-latitude environment the conventional 8 plane
seemed not appropriate. Therefore we also included the second derivative of the Coriolis
parameter with respect to latitude. In this metric, the effect of sphericity is retained by
a quadratic function of y, and this approximation is called § surface approximation (cf.
[68], [96]).

The main objective of this chapter was (1) to show that large-scale trapped stationary
and propagating Rossby wave packets as well as large-scale trapped modal Rossby waves
occur under the assumptions made, (2) to study the effect of different current structures
and meridional shears on the properties of the trapped waves, (3) to investigate the
importance of the earth’s sphericity (§ effect) for the trapped waves, and finally, (4) to
show that the WKB method can successfully be applied to the problem considered.

We showed that under the range of different conditions assumed here, synoptic-scale
trapped Rossby wave packets and modal waves on the 3 plane or the § surface exist and
that they can propagate far away from their source region in zonal directions. In Figure
3.7 we show an example of a trapped modal stationary wave (jet-like basic flow, Uy = 1,
mode 1, m = 5.67107® m~!, and § = 1.01). Displayed are contour lines of the stream
function anomaly and velocity vectors. It is obvious that this anomaly extends nearly to
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Figure 3.7: Velocity vectors and stream function anomaly of a trapped stationary modal
Rossby wave (mode 1, m = 5.676 107% m™!) on the § surface when the jet-like basic flow
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the center of the jet and affects the current at its southern side. Presumably such a wave
could modify the temperature distribution of the current and hence the sea-ice extent.

First we shall summarize the findings concerning trapped wave packets. The wave
packet propagation can be characterized by a ray refraction at the turning latitude and a
reflection at the boundary. A disturbance with origin near the coast initially propagates
northward and the meridional wavenumber decreases, i.e., the meridional extension of
the disturbance increases. When the meridional wavenumber changes its sign, the wave
packet is at its turning point and from now on it propagates southward until it reaches
the southern boundary, where it is reflected toward the north and so forth. The rays have
the form of large arcs, one following another (see Figure 3.3). The larger the zonal wave
number, the smaller the extent of the arcs of the Rossby wave rays. For wave packets with
a negative phase speed, the waveguide becomes more selective than in the stationary case,
i.e., only waves in a relatively small wave number range are trapped. The wavelength of
trapped wave packets become smaller for a weaker jet. For a northward shifted jet the
coastal waveguide becomes more prominent, especially when the phase speed of the wave
packet is negative. When the shear is small (90U /0Y < §/m?), a waveguide with no coastal
wave reflection but a northern and southern turning latitude can exist on the § surface,
similar to an atmospheric Rossby waveguide (cf. [38]).

For the particular case of a current with a constant shear, we found an analytic solu-
tion for trapped modal Rossby waves if the coast corresponds to a critical latitude. The
solutions have the form of polynomials, similar to the solutions of shelf waves with lin-
ear topography. Furthermore, we computed amplitudes and dispersion curves of trapped
modal waves also for the jet-like basic flow profile by using the WKB approximation and
the numerical Runge-Kutta method. The asymptotic solutions turned out to be very ac-
curate in their respective domains of applicability. From the dispersion curves of different
trapped modal waves we found that the dispersion is relatively low but largest on the
long-wave side of each mode. For basic flows with reduced shears the dispersion curves
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move toward smaller wave lengths. Generally speaking, a weak near coastal shear leads to
a larger number of trapped wave modes with smaller scales (larger zonal wave numbers).
We found further that the wave numbers of trapped waves are extremely sensitive to a
variation of ¢ and the basic flow speed at the coast if a critical line is situated close to
the boundary. Our investigation also included flow situations with a near coastal counter-
current. Even under such circumstances trapped modal waves can be found if ¢ is chosen
such that no critical line appears.

It turned out that the earth’s sphericity has some effect on the properties of trapped
Rossby waves in high-latitude shear flows. For example the positions of the turning points
for Rossby wave packets are modified (see Figure 3.2). This effect becomes most impor-
tant for wave packets with negative zonal phase speeds. However, for wave packets with
positive phase speeds the ¢ effect appears to be relatively unimportant. Most striking is
the effect of the earth’s sphericity in the dispersion curves computed (see Figure 3.6a). It
is obvious that a neglection of the ¢ term cannot be justified in the high-latitude environ-
ment considered here.

The question arises if the trapped Rossby waves discussed have some relevance for the
“real world.” Obviously, in parts of the ACC, similar conditions to the one assumed here
can be found (cf. [62], [75]). Patterson [72]| shows the observed kinetic energy distribution
of the mean flow around Antarctica. The pattern has a wave-like structure with “wave-
lengths” of ~ 1000 km and shows the highly zonal distribution of surface mean kinetic
energy associated with the ACC. It is argued that bathymetric features are important.
However, stationary or slowly propagating large-scale trapped waves, for example, caused
by bottom topography, could also play an important role. Interannual variability has been
often observed at high southern latitudes, and observations, for example, of sea-ice ex-
tent, suggest that such features propagate slowly eastward around the Southern Ocean.
White and Peterson [92] discuss coupled large-scale anomalies which propagate eastward
with the circumpolar flow, with a period of 4-5 years. Such disturbances differ from those
discussed here, but slowly propagating large-scale trapped Rossby waves (see Figure 3.7)
could also be important for the variability of sea-surface temperature or sea-ice in the
Southern Ocean and also for transmitting anomalies around the globe.

For mathematical convenience we assumed an inviscid barotropic current with linear
dynamics in an infinitely extended domain. Critical layers are therefore not considered
because in the linear inviscid theory their occurrence usually announces the onset of in-
stability. However, using viscous or nonlinear dynamics, solutions can be connected across
critical layers. Hence the appearance of critical layers does not necessarily exclude Rossby
waveguides or trapped modal waves. Hughes [40] even suggested a Rossby waveguide
between two critical layers in the ACC. The application of zonal periodicity instead of
infinite extension also does not prevent the occurrence of trapped modal waves, as can be
seen from the dispersion curves. In all situations considered, trapped waves with whole
wave numbers exist for particular frequencies. However, for the application of the ray-
tracing, zonal periodicity must be dropped. In wave packet theory, the wave numbers are
continuous variables and therefore pictures shown for integer values (e.g., by [39]) should
be interpreted as characteristical for wave numbers in a band centered on the integer
values.

We believe that in spite of the simplifications made, trapped Rossby waves may play
an important role in the dynamics of the ACC. Simulations with more complete models
should reveal if such trapped waves play a role under more realistic conditions.






Chapter 4

Numerical simulations

In this chapter we investigate the impact of lateral boundary conditions on the propa-
gation and dispersion of locally excited Rossby waves in a zonally periodic, barotropic,
quasigeostrophic channel model on the § plane. As in chapter 3 we use basic flows with
either a linear meridional shear or a jet-like profile. On the southern boundary of the
channel we impose either a rigid wall or a radiation condition, whereas the northern
sidewall is permeable for Rossby waves. We compare the numerical solutions found for a
reflecting southern boundary in a weakly dissipative flow to the solutions obtained from
a WKB analysis for the corresponding unforced nondissipative situation. Furthermore,
we compare the generalized Eliassen-Palm flux vectors to the ray paths of Rossby wave
packets, obtained from WKB ray tracing. In contrast to chapter 3 we focus our study on
the two-dimensional structure of trapped modal waves and wavetrains in a simple linear
numerical model.

Summarizing our results, we find that along the reflective wall, trapped modal wave
structures as well as reflected wavetrains occur with characteristics (e.g., wavenumbers,
turning latitudes) similar to the ones computed using asymptotic methods. In a linear
sheared flow wave packets are trapped for all zonal wavenumbers in contrast to a jet-like
mean flow which has a selective effect on the waves; i.e., a turning latitudes between
the coast and the flow maximum occurs for short waves, while long waves can propagate
freely across the zonal mean flow. This comes out clearly when studying the stream lines
of the Eliassen-Palm flux vectors of the numerical model simulations. Furthermore, due to
the reflected wave activity, the dispersion of Rossby waves is influenced by the southern
boundary condition not only in the vicinity of the border but also in regions away from
the boundary. These results appear to be important on the one hand for the existence
of trapped Rossby waves in large-scale oceanic shear flows along a zonally oriented coast
discussed in chapter 3, but, on the other hand, also for large-scale boundary waves in
conceptional atmospheric channel models. In such models, boundary waves can lead to
unwanted resonance effects.

The plan of the chapter is as follows. In section 4.1 we describe briefly the model and
boundary conditions we use. In addition, the vectors of wave activity flux are discussed.
They can be computed on the basis of the perturbation stream function (see [77]). In
section 4.3, we proceed to compare asymptotic solutions of trapped waves in the nonforced,
nondissipative situation with the solutions found when stationary Rossby wavetrains are
excited by a local force in a dissipative medium. Thereby, we discuss stationary solutions
for different lateral boundary conditions. In the final section 4.4, we summarize the results
and give conclusions.
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4.1 The Model

Let us now examine a slightly more general case than in chapter 3. Again we study a
zonal current on a [ plane in the Southern Hemisphere. However, the equation under
consideration here reads

o -0 0
(E + U%) (V20 — Fio) + B% = —foD — aV, (4.1)

where, in contrast to (2.18), the right hand side (rhs) is not zero. Waves are excited by
the first term on the rhs of (4.1), where

D= { A(t) (cos (22222 cos (@))2 it fo —zol,ly —wol <d/2 49
0 else

where A(t) = Asin (27 (z + d/2 — x0) /d — ot), o, yo, and d describe the position and
extension of the wavemaker and A defines its strength. Note that we are interested here
in stationary waves alone, i.e., 0 = 0 and therefore the wavemaker is independent of time.
The following dimensional model parameters have been used:

F o= =15=10"m?
fo =  —1.26-10"%""
By = 1.14-10"'m1s? (4.3)
A = 1077571
a = 3.86-1078s71.

Note that F' is here the reciprocal of the square of the Rossby deformation radius and not
the nondimensional rotational “Froude” number of (3.4).

The quasigeostrophic equation (4.1) is solved on the 8 plane in the gridpoint space
using the numerical model of Gafimann [22], which is based on the relaxation method to
solve the Helmholtz equation. The periodic channel extends 10000 km to the east and
4000 km to the north. Local forcing is at yy = 1000 km north and zy = 1000 km east
from the south western corner of the channel with a diameter of d = 1000 km.

4.1.1 Boundary conditions

The model domain under consideration is a periodic channel with different lateral bound-
ary conditions, namely either reflecting or radiating lateral boundaries for propagating
Rossby waves. In the case of two reflecting boundaries, no wave activity can leave the
channel and must be reflected completely at the lateral boundaries. In the case of two
radiating boundaries, however, no wave activity can be reflected at the boundaries but
instead, it is radiated steadily away from the channel (if the wave activity is not trapped
between two turning latitudes, as sketched in Fig. 1.1A).

In the present paper, we compare stationary solutions that are computed using two
radiating boundaries to one computed with a northern radiative but a southern reflective
boundary. Such experiments, performed with different basic flow profiles, are suitable to
discuss the structure of trapped Rossby waves along the reflective boundary.
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Reflecting lateral boundaries The reflecting boundary condition is realized by in-
hibiting a flow across the boundaries. That means

ug-n =0, (4.4)

where ug is the geostrophic velocity and n is the outward normal at the reflective lateral
sidewall. This condition is equivalent to » = C(t) at the boundary, where C(¢) is a
function only of time. In channel geometry, C(t) at the northern sidewall can be different
from the value at the southern rim. As a result, a constraint that determines the difference
of the stream function values (i.e., the transport) between the northern and southern
walls must be considered in general (see, e.g., [65]). However, for the linear perturbation
stream function model (4.1), the difference of the zonal mean perturbation stream function
between the northern and southern boundary % |¥ does not change in time if ¢ |¥ (¢t =
0) = 0, regardless of the boundary conditions. This can be shown simply by integrating
(4.1) once over x and twice over y. Hence, we assume ¢ = 0 at the southern wall in all
experiments with reflection.

Radiating lateral boundaries In the past a number of different techniques have been
employed to simulate the behavior of fluids on infinite domains. One popular idea is to
use a sponge layer in the hope that all incident wave energy will be dissipated. Béland
and Warn [10] applied the Laplace transform to obtain a radiation condition for transient
Rossby waves which is exact for linear problems. The radiative boundary condition used
here is based on the scheme introduced more recently by Zéngl and Egger [101]. It can be
shown that this scheme works satisfactory if the flow is not highly transient and nonlinear;
moreover the meridional shear of the basic flow should vary only slowly in the meridional
direction. Since all these conditions are fulfilled in the situation studied here and due to
its simplicity, we decided to use this scheme.

4.2 Flux of wave activity

In section 2.1.1 we already have shown how the characteristic paths of local waves can
be computed. Here we shall outline how the vectors of wave activity propagation can be
computed from the stream function perturbation field. First, we will briefly describe some
basic definitions and theorems in this context.

The Eliassen-Palm (EP) flux is a zonally-averaged quantity to analyze the zonally-
averaged latitudinal and vertical propagation of wave activity and the interaction between
waves and mean flows. The conservation equation for wave activity (or wave pseudomo-
mentum) in a zonally symmetric baroclinic flow reads (cf. [5])

o [ ¢
— | =— V-F =0, 4.5
ot <2qy> * (45)
where the overbar denotes a zonal average, g denotes here the potential vorticity and g, the
meridional potential vorticity gradient. The vector F is called EP-flux. The divergence
of this vector is equal to the meridional flux of eddy potential vorticity. Under WKB
conditions it can be shown that (cf. [71])

——Cqg, (4.6)
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where cg is the perturbation group velocity. Note that for a Rossby wave packet, F can
also be written using the wave action form

—mE

F=_ "2
a—mUCg’

(4.7)

where FE is the energy density, o the local frequency and m the local zonal wavenumber
of the Rossby wave packet.

A generalization of the EP-relation was derived by Plumb [77] to study the three-
dimensional propagation of stationary Rossby wave activity in zonally symmetric basic
flows (for more general basic flows see Nakamura [89]). Multiplying (2.18) by V% — F
gives the conservation equation for the wave activity in the barotropic situation considered
here. For stationary waves in a zonally uniform barotropic flow

o\ _ %
F:(gﬁ_;%). (4.8)

dx Oy oxdy

It can be shown further that the vector F, here called generalized EP-flux, does not show
the ”fast” phase oscillations of the local disturbances. Important for our purposes is that,
in the WKB limit, the characteristic lines of energy, wave activity (pseudomomentum)
and wave action propagation are tangential to the group velocity field. Since F can be
computed from the stream function perturbation field we are able to compare qualitatively
the trapped wave packet characteristics considered in chapter 3 using the ray tracing
method and the trapped Rossby waves examined in the present chapter.

4.3 Results

Following, we describe the results of model experiments we performed using two particular
basic flow profiles and two sets of lateral boundary conditions. A linear flow profile is used
for Experiment 1 (E1)

Y —1
U= 0.02ms . 4.9

5100 oM (4.9)
The offset prevents the occurrence of a critical line for stationary waves at the boundary
where y = 0. In a second experiment (E2) we use a jet-like basic flow profile

~2-10°m)?
U=1ms "exp (—0.7 <u> ) . (4.10)

106m

In Ela (E2a), we applied Rossby wave radiation boundary conditions at both lateral
boundaries, whereas in E1b (E2b) a radiative northern boundary and a reflective southern
boundary is used. Table 4.1 summarizes the experiments performed here.

All results show the model state after a sufficiently long integration period when
stationarity is achieved. Note that all wavenumbers are given in non-dimensional form.
They are related to the channel length so that a wavenumber m = 8 corresponds to a
dimensional wavenumber of 278/10000 km.
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Figure 4.1: A) Stream function, wave activity flur vectors (in m?s™2), and streamlines of
the latter for experiment Ela (i.e., linear shear and radiating southern boundary condi-
tion), B) as A) but for E1b (i.e., linear shear and reflecting southern boundary condition,
C) difference of the stream functions in A) and B) (A-B). Contour interval in A) and B)
is 0.02 % 10m?s™ L, in C) it is 0.01 * 105m?s~ L.
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Table 4.1: Model experiments performed in the study. All other model parameters are given

in (4.8).

‘ Experiment ‘ Basic flow ‘ Southern boundary ‘

Ela (4.9) radiating
Elb (4.9) reflecting
E2a (4.10) radiating
E2b (4.10) reflecting

Experiment 1 (E1)

Fig. 4.1A shows the model result for the perturbation stream function and the flux vectors
of wave activity for Ela. From chapter 2 and the results of chapter 3 we know that
the ray paths are arc-shaped curves with smallest (largest) curvature for the the wave
disturbances with the longest (shortest) zonal wavelengths. An originally positive local
meridional wavenumber of a wave packet propagating to the north decreases and becomes
zero at a turning latitude. This is the apex of the ray path determined by (2.30) with
K?_,(y) = m?. After having approached this point, the ray paths bend to the south due
to their now negative local meridional wavenumber. This is obvious also from Fig. 4.1A
inspecting the streamlines of the flux vectors of wave activity which are (for slowly varying
basic flows) parallel to the group velocity. Furthermore, from (2.30) with K2_,(y) = m?, it
follows that wave packets with a smaller local zonal wavenumber can move much further
to the north than those with a larger zonal wavenumber which are confined more tightly
to the south. Thus, the zonal distance between two neighboring wave crests is much larger
in the northern part of the model domain than in the southern part. Since dissipation is
non-zero in the model experiments, the wave structures disappear further downstream of
the source region. Consequently, resonance effects due to the channel’s periodicity should
not play a dominant role. It ought to be mentioned that in a linear shear flow, the ray-
paths of all local wave packets are curved. Therefore, in an infinitely extended shear flow,
all wave packets cross a particular latitude south of the turning latitude twice; the first
time on the way towards the turning latitude, and the second on their way back. In our
model, in contrast, the wave energy of wave packets arriving at the northern boundary is
radiated away from the channel.

In Ela, no trapped wave structure can be observed at the lateral boundaries, in con-
trast to the case E1b, shown in Fig. 4.1B. Now, trapped wave packets occur along the re-
flective southern sidewall. Whenever a certain amount of wave activity propagates against
the boundary, a trapped wave with mode number n = 1 appears, clearly visible down-
stream of the source and at the southeastern corner of the model domain. Additionally,
between these local mode 1 structures, wave activity is reflected away from the boundary
and propagates in the arc-like way sketched in Fig. 1.1B, as predicted by the ray trac-
ing method (cf. [35]). Furthermore, the wavetrain with the longest zonal wavelength is
more prominent in Fig. 4.1B, i.e. even the long waves notice the southern sidewall. The
strengthening of this large-scale structure may also be an effect of the periodicity of the
channel. At the eastern part of the channel, the wavetrain is reflected at the southern
sidewall and the wave activity enters the source region. Interestingly, in the center of Fig.
4.1B, there is a region of almost no wave activity, in contrast to Fig. 4.1A.
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Table 4.2: Zonal wavenumber m of trapped modal Rossby waves in the experiments E1b
and E2b described in the text. Also shown is the turning latitude (Tur. Lat.) and the
distance of two neighboring points of reflection at the southern sidewall (Ref. Dist.) of
local wave packets with equal local zonal wavenumber as the modal waves.

Mode Elb E2b
n Tur. Lat. ‘ Ref. Dist. ‘ m | Tur. Lat. ‘ Ref. Dist. ‘ m
0 277 km 971 km | 13.5| 380 km | 1468 km | 13.7
1 932 km | 3023 km | 7.7 919 km | 2621 km | 7.9
2 1936 km | 6160 km | 5.4 - - -
3 3290 km | 10425 km | 4.2 — - -
4 4995 km | 15782 km | 3.4 — — -

Summarizing the results, we find that due to the reflection at the sidewall two trapped
wave structures are clearly emphasized, a trapped modal-like wave with zonal wavenumber
m = 8 close to the boundary, and a long wavetrain with local zonal wavenumber of m ~ 4.

This is also visible in Fig. 4.1C, where we plot the perturbation stream function dif-
ference between the Figs. 4.1A and B. Here it is clearer that the large-scale wavetrain is
reflected near the lower right corner of the channel and that the reflected part of this wave
reappears in the source region. The difference pattern is further dominated by the missing
wave activity in the center of the channel upon reflection. Without reflection, a prominent
amount of wave activity is radiated straight away from the wave source, whereas in the
case of reflection, wave activity is either radiated along the large-scale wavetrain with
local wavenumber m & 4, or along the reflective boundary in form of a modal-like wave.
The region of no wave activity situated to the west of the source region is possibly a result
of destructive interference of the trapped boundary wave and the reflected wavetrain.

Now we will be specifically and compare these findings to the ray tracing and asymp-
totic solutions described in the sections 2.1.1 and 2.2. Table 4.2 shows the wavenumbers
for trapped modal waves, i.e., the eigenvalues of different trapped wave modes computed
using (3.17). Moreover, the position of the turning latitudes and the distance of two
neighboring reflection points at the boundary for local wave packets with the same zonal
wavenumbers as the eigenfunctions are displayed. It can be seen that the mode 1 with
m = 7.7 corresponds well to the trapped modal-like wave structure along the southern
sidewall in Fig. 4.1B. By inspection, the turning latitude and the distance of two neigh-
boring reflection points of the dominant trapped wavetrain shown in Fig. 4.1B is about
3500 km and 10000 km, respectively. This is in good qualitative agreement with the pre-
diction of these parameters using the ray tracing method (see Tab. 4.2, m = 4.2). Even
the parameters of the smaller arc in the region between the prominent mode 1 structures
(turning latitude ~ 1500 km, distance between two neighboring reflection points ~ 3000
km) correspond roughly to the values of Tab. 4.2 for m = 7.7.

A more quantitative comparison of the outcome of Ela and E1b is shown in Fig.
4.2. Here the zonal Fourier spectra of Ela (A) and E1b (B) are plotted as a function of
latitude. In Fig. 4.2 A the spectrum is rather broad with a maximum at the gridpoint 11
(y = 1300 km). When a reflective southern sidewall is present, the spectrum is much more
localized and shows a peak at wavenumber 8 at gridpoint 6. This confirms the findings
above: A trapped modal Rossby wave with mode 1 is strongly excited along the reflective
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Figure 4.2: Zonal Fourier spectrum for experiment Ela (A) and E1b (B). Contour interval
in A) is 2m?*s™2, in B) it is 4m?s™2.
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boundary. It is wavenumber m = 8 that culminates most of the “energy.” Other modal
waves do not seem to be excited.

Experiment 2 (E2)

In this section we describe the results in the case of the jet-like basic flow (4.10). The
results of chapter 3 show that in contrast to a linear shear flow, long waves do not have a
turning latitude in such a flow and further that only a few modes of modal trapped waves
exist. Inspecting Fig. 4.3A, we see that the Rossby wave packets excited in the source
region split basically into two parts. One part (the long waves) crosses the maximum in
the mean current since their local meridional wavenumbers never attain zero, i.e., such
waves never reach a turning latitude. The second part (shorter waves) reaches a turning
latitude located south of the jet maximum and propagates towards the south. Such a
”Rossby wave splitting” was also described by other authors using ray tracing methods,
(e.g., [67]) but here we calculated the vectors and streamlines of the wave activity flux
directly from the stream function perturbation. Therefore the splitting can be observed
particularly clearly. Note that the line at which the wave activity flux streamlines diverge
corresponds with the region of the maximum of the jet flow. This means that either the
turning latitude is south of the jet maximum or that there is no turning latitude at all.
This fact can simply be derived by the ray tracing analysis of chapter 2. The turning
latitude coincides with the line of the maximum velocity for waves with a critical zonal
wavenumber of m. iy = 5.7. It should further be noted that no trapped waves can exist
when the source region is situated north of the jet maximum.

Fig. 4.3B shows the stationary perturbation stream function field together with vec-
tors and streamlines of the wave activity flux of E2b. We see that again a trapped mode
1 wave established itself whenever wave activity propagates against the reflective bound-
ary. Focusing on the streamlines of the wave activity, arcs of multiple reflection can be
observed, as suggested by Fig. 1.1B. The most obvious difference between 4.1B and 4.3B
is the missing large-scale wavetrain in 4.3B. As mentioned above, a wave with m ~ 4 is
not trapped in the jet-like flow.

Fig 4.3C shows the difference between the stream function of 4.3A and 4.3B. Note
again that this Figure shows the structures which appear due to the reflection but also
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Figure 4.3: As Fig. 4.1 but for experiment E2 (i.e., jet-like basic flow).
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Figure 4.4: As Fig. 4.2 but for experiment E2.
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structures which vanish when the southern radiative sidewall is replaced by a reflective one.
Consequently, not only trapped wave structures can be observed, but also patterns that
result from the region of reduced wave activity, situated to the east of the source region in
Fig. 4.3B. Nevertheless, the reflection process of propagating Rossby wave packets comes
out rather clear in the Figure.

Looking at Table 4.2, we see that only two trapped modal waves do exist in the
unforced non-dissipative problem, one with m = 13.7 and one with m = 7.9. As a conse-
quence, such waveguides are called selective. As in the linear shear flow, mode 0 is tightly
trapped to the boundary. So, due to the model resolution, it is not likely that this mode
is present in the model simulations. However, mode 1 fits very good to the findings from
Fig. 4.3. Inspecting the arcs of the multiple reflection along the southern boundary in
Fig. 4.3B more closely, there is also a qualitative resemblance to the turning latitude at
y = 919 km and the distance of two neighboring reflection points Az = 2621 km.

The Fourier spectra as a function of latitude for E2a and E2b are shown in Fig. 4.4A
and B, respectively. From Fig. 4.4A we realize that in the jet-like flow less ‘energy’ falls
to the long waves than for the linear shear flow (Fig. 4.2A) at the northern part of the
channel. Except from this, both spectra look very similar. This is also true in the case of
a reflecting southern sidewall. The only remarkable difference between Fig. 4.2B and Fig.
4.4B is the appearance of a local maximum for wavenumber 6 at gridpoint 10 in Fig. 4.4B.
Interestingly this value corresponds roughly to the critical wavenumber k..t = 5.7, i.e.
to a nonmodal wave packet propagating along the jet maximum. A closer inspection of
Fig. 4.3C (western part) shows the signature of such a wave packet, however, the packet
is located somewhat south of the jet maximum. Summarizing we may conclude that the
Fourier spectrum shows clearly the excitation of a trapped modal-like Rossby wave with
mode 1 structure along the reflective boundary, as predicted by the eigencondition (3.17).

4.4 Summary and conclusions

In this chapter we investigated the propagation of locally excited stationary Rossby wave
packets in a zonal shear current. We thus focus on the influence of lateral Rossby wave
radiation conditions on the structure of the excited wavetrains. Two different sets of ex-
periments were conducted using a zonally periodic, barotropic, linear, quasi-geostrophic
model on the § plane, namely (1) one set with radiation boundary conditions at both
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lateral sidewalls, and (2) one set with a reflective southern sidewall and a radiative north-
ern boundary. Hence, we used a linear sheared basic flow and a jet-like basic flow. The
result obtained may be of interest in two branches of geophysical fluid dynamics: First, in
oceanography, where the existence of trapped Rossby waves in large-scale oceanic shear
flows along a zonally oriented coast might be an important part of the internal dynam-
ics (cf. [35]). Secondly, in meteorology, where large-scale boundary waves in conceptional
atmospheric channel models might form highly undesired organized noise.

In chapter 3 we investigated Rossby waveguides in high-latitude zonal shear flows
with boundaries. The central objective was to prove (mainly by applying analytical or
asymptotical WKB methods) the existence of quasi-geostrophic Rossby waveguides in
two different shear flows for a variety of model parameters and to study the properties of
such trapped waves, e.g., the position of turning latitudes for local wave packets or the
structure of the dispersion curves for different wave modes. Chapter 4 is an extension to
the previous chapter, with the focus on stationary wave propagation in the presence of a
local wavemaker and weak dissipation. The analysis here was based on two approaches. On
the one hand, the WKB method was used to find the eigenmodes of the quasigeostrophic
vorticity equation on the [ plane with a reflective southern boundary. Further, the ray
paths of the Rossby wave propagation were computed. On the other hand, a gridpoint
model was used, which works independently of the WKB assumptions and explicitly allows
the introduction of a local wavemaker and dissipation. The lateral boundary conditions
allowed the reflection or the radiation of Rossby waves (cf. [101]).

We considered the quasi-stationary perturbation stream function field of the model
experiments as well as the vector field of the generalized EP-flux vectors. These vectors
can be computed from the perturbation stream function field (cf. [77]). Moreover, it can be
shown that in the WKB limit, these vectors are parallel to the group velocity and therefore
can be compared directly to the WKB ray paths. The local wavemaker generated a wave
pattern predicted by the more theoretical considerations of chapter 3, i.e., the stream lines
of the generalized EP-flux vectors bent in arc-like characteristic curves.

In the case of the linear shear flow, all Rossby wave packets exhibit a turning latitude
where the meridional group velocity vanishes and the generalized EP-flux vectors are
parallel to the mean flow. In contrast, the jet-like mean flow is selective in the sense that
shorter wave packets have turning latitudes south of the jet core in the center of the
channel whereas the largest waves do not. Such a “Rossby wave splitting” can clearly
be observed in the generalized EP-flux field, calculated directly from the perturbation
stream function. This is in agreement with the predictions from the asymptotical ray
tracing theory.

From the eigenanalysis of the unforced nondissipative situation, we find five trapped
modal waves in the linear shear flow but only two wave modes in the jet-like flow. How-
ever, the numerical model results show that whenever a certain amount of wave activity
propagates against the reflective boundary, a trapped wave with mode number n = 1
appears in both basic flows. Furthermore, wave action reflection is clearly visible in the
generalized EP-flux field. The distance of two neighboring reflection points as well as the
position of the turning latitude are in qualitative agreement with the ray tracing results
based on the WKB assumptions. Note further that the differences in the Rossby wave
propagation due to different boundary conditions are not restricted to a region close to
the boundary. For example, less energy is radiated downstream from the source in zonal
directions in the case of a reflective southern boundary. As a consequence, when compar-
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ing the solutions with a radiating and a reflecting southern boundary, a region of almost
no wave activity downstream of the source exists when reflection is present. Finally, for
a qualitative analysis, we compared the zonal Fourier spectra of the four experiments
shown in Table 4.1 with the wave numbers of the trapped modal waves computed via the
eigenvalue problem. In contrast to the condition of both lateral boundaries radiating wave
energy, the spectrum of the reflective case is sharply localized, showing a dominance of
the wavenumber m = 8 corresponding to the mode number 1 of a trapped Rossby wave.
The numerical simulations confirm the results of chapter 3, while also going further by
emphasizing the two-dimensional structure of locally excited wavetrains and compute the
direction of wave action propagation from the perturbation stream function field alone.
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Chapter 5
Pseudo critical levels

We define a pseudo critical level as a region where the wave phase speed equals the zonal
basic flow velocity and, additionally, the background potential vorticity gradient vanishes.
In this chapter we investigate Rossby wave propagation in zonal mean flows when pseudo
critical levels are present. For that purpose we use the barotropic potential vorticity
equation linearized about prescribed zonal basic flows. The basic flows are constructed
such that, i) the amplitude equation for Rossby waves can be solved analytically, ii) the
flows exhibit several pseudo critical lines, and iii) the flows do not look entirely unrealistic
compared to observed zonal averaged flows in atmospheres and oceans. We concentrate
upon two example basic flows: An unbounded multiple-jet flow on the f plane and a single-
jet flow on the 3 plane bounded to the south by a reflective wall. We show that pseudo
critical levels are neither critical levels nor turning points of the flow. Global solutions
representing trapped modal waves are not destroyed under the presence of pseudo critical
levels. However, “classical” waveguides for local wave packets are not possible since turning
points cannot be reached. Pseudo critical levels are wave attractors for wave packets and
stationary wave packets stick on them, without violating WKB theory. On the other hand,
wave packets with nonzero frequency propagate along the pseudo critical level with the
local basic flow velocity. Therefore, a pseudo critical level may cause wave focusing and
can form a zonal waveguide without the need of turning points or reflective boundaries.
With the exception of the construction of mean flows with pseudo critical levels on the
B plane, all results shown here can be obtained by means of analytical and asymptotical
methods.

The chapter is organized as follows. In section 5.1 we describe the model used and,
furthermore, some theory behind trapped Rossby waves. Subsequently, in section 5.2, we
discuss solutions to the problem formulated in section 5.1. For simplicity, we start with
calculations on the f plane. Subsequently, results for the [ plane example are shown.
Section 5.3 summarizes the main findings and gives a brief discussion of the results.

5.1 Preparations

5.1.1 The model
Here we use (2.18) with

&
I
™I
|
<
&

(5.1)

Q
N
o

i.e., hg = F =0 and df /dy = B.
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Table 5.1: Different scaling possibilities consistent with the assumptions made here. U in
[ms™Y, L in [103%km], fo in [107*s71], By in [107 (ms)™Y], and a in [103km].

| | U [ L [f(45°) [Bo(45°) | a [ er [ B |
terr. atm. | 10 1 1 1.63 6.4 | 0.1 |1.63

ocean 0.1 0.1 1 1.63 6.4 | 0.01 | 1.63
jov.atm. | 100 | 5 2.5 0.34 | 74.1|0.08 | 0.85

5.1.2 Definitions

Let us write (2.32) in the form

P(y)d" + R(y)d = 0, (5-2)

where P(y) = 0 —Um, R(y) = —mB —m?(oc —Um). This equation is said to be singular
at y = yo if P(yo) = 0. In this case, we can say very little about the behavior of the
solutions qﬁ(y) of (5.2) near y,. However, there are certain special cases where solutions
can be found.

y2R(y)
P(y)

Definition (Regular singular point): In the case when
can be written as

is analytic at y = yp, i.e.,

’R
v RW) _ bo + biy + boy® + bsy® + bay* + - -, (5.3)
P(y)
where the coeflicients b, are constant for alln =0,1,2, .-, we say ¥, is a regular singular

point of (5.2).

When (5.2) has only regular singularities, solutions can be found, e.g., by the method
of Frobenius. In general, these solutions are not “global” ji.e., not differentiable in the
whole domain of interest.

Usually, in meteorology and oceanography a critical level is defined as a region where
P(y) vanishes. However, in order not to come into conflict with the definition given in
section 2.1.2, it is advisable to be more precise.

Definition (critical level): A basic flow bears a critical level, if there exists a singular
point yo of (5.2) such that no “global” solutions exist.

As we will show in this chapter, the type of singularity has an important effect on the
way Rossby waves can propagate in the flow.

Definition (pseudo critical level): The level yq is called pseudo critical, if (5.3) holds at
Yo with b() = b1 = 0.

The assumption by = b; = 0 ensures that if solutions of (5.2) exist, these are “global”.
Note that the definitions given here are agreeable with the one given in section 2.1.2.

5.1.3 Scaling

We understand the present study as a conceptual investigation. It is therefore preferable
not to overburden it with too many details. We performed all computations either with
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B =0 (f plane) or with 3 = 1 (8 plane). In Tab. 5.1 we show possible scaling variants
which are consistent with 3 & 1: A scaling for synoptic scale waves in, i) the terrestrial
atmosphere, ii) the ocean or, iii) the jovian atmosphere. As shown below, the mathematics
associated with the problem of finding suitable basic flows becomes particularly simple on
the f plane. The f plane assumption may have most physical relevance for the atmospheric
dynamics of the outer planets, since there the vorticity gradients associated with the zonal
jets are larger than those associated with the planet’s rotation, i.e. 8 is relatively small
but the shear and the relative vorticity gradients are large (cf. Fig. 3.1 in [60], and [50] or
42]).

5.1.4 The amplitude equation for trapped modal waves

To compute single modes of trapped waves we need to solve the eigenvalue problem (2.32)

with

_B(y)
Uly) —c
and A = m?%. Q(y) is a known function, called a potential, and \ are unknown eigenvalues.
There are relatively few functions Q(y) for which the corresponding differential equation

may be solved in terms of the standard transcendental functions. Here we assume that a
basic flow exists such that (2.32) has pseudo critical levels only. In particular we take

Qy) = (5.4)

. _BU =y - (5.5)
Then A — Q(y) = —(a — m? — yy?), where c is the constant phase speed, v and « are
constants. As boundary conditions we use either U = const. at y = doo (we call this
unbounded basic flow) or U = 0 at y = 0 and U = const. at y = oo (basic flow bounded
to the south) or U = 0 at y = 0 and U = const. at y = —oo (basic flow bounded to the
north). The basic flows constructed via (5.5) exhibit several pseudo critical levels and are
discussed in section 5.2.1 for the f plane and in 5.2.2 for the 3 plane!.

Using the transformation

p= %, where b= 7% (5.6)
we find
a2
w ~
5.7
T+ =)= 5.7)
where p = (‘;732). This is a form of the (time-independent) Schrédinger equation for a

simple harmonic oscillator, where Q(p) = p®. In a meteorological context this equation
occurs when barotropic equatorial waves in a stagnant medium (U,V = 0,0) on the j3
plane are considered (cf. [13], [55]). Having trapped waves in mind we use the following
boundary conditions:

Y =0 for y=+oo. (5.8)

LOf course, other choices for ﬁ would be possible as well, e.g. vy — a. In this case the basic flow
and possibly trapped waves would be given by the Alry—Functlons which seems not very useful for our
purposes.
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If a rigid boundary is present at y = yg = 0, then we consider either the half plane north
or south of y = 0 and assume

v = 0 for y=400 and =0 at y=yg, or (5.9)

Y = 0 for y=—o00 and ¥ =0 at y=uys. (5.10)

The solutions can be written in form of Hermite Polynomials, however, we prefer to use
the more general Confluent Hypergeometric Functions.
Using the substitution

~

¥(p) = fp) exp g(p), (5.11)
it can be shown (see [30]) that

9(p) = —0.5p° (5.12)
Flp) = ALF(0.25[1 - pi];0.5;0%) + Bp 1 (0.25[3 — )3 1.5; 7). (5.13)

The Confluent Hypergeometric Function | F} is given as

1Fi(a;b;2) = ij:o n('c(bl));n 2", (5.14)

where we used the Pochhammer symbol defined by
(a)o=1, (a)p=ala+1)(a+2)---(a+n—1), n=1,2,3,---. (5.15)

To satisfy the boundary conditions (5.8)-(5.10), i.e. to avoid that t diverges for large
| y |, we must require that the series on the right hand side of (5.14) terminate. This means
that in (5.13) either —0.25(1 — z) is a nonnegative integer and B = 0, or that —0.25(3 — )
is a nonnegative integer and A = 0. These two conditions are the eigenconditions of
the problem and they have to be used to compute the eigenvalues p. The eigenvalues

correspond to a set of symmetric and anti-symmetric eigensolutions ).

5.1.5 Amplitudes and rays for propagating Rossby wave packets

To compute amplitudes and rays of Rossby wave packets we need to restrict our discussion
to the case where U and B vary in such a way that we may apply the WKB method (cf.
chapter 2) to the quasi-geostrophic potential vorticity equation (2.18). Then we can apply
(2.21) and (2.23) to compute the amplitude and (2.24)-(2.29) to compute the ray paths.
In the case of east-west oriented reflective boundaries, (3.5)-(3.8) have to be applied.

5.2 Results

In this section we will compute basic flows which allow for solutions in the form of (5.11)-
(5.13), then we will discuss trapped modal and local disturbances in these flows, applying
analytical and asymptotical methods. First (in section 5.2.1) we will consider the problem
on the f plane since there it can be solved fully analytically. One possible basic flow will
be emphasized and all the trapped modal wave solutions found for this particular flow will
be shown in section 5.2.1. Subsequently, in section 5.2.2, we will numerically construct
basic flows on the § plane, suitable for modal wave solutions in form of the Confluent



5.2 RESULTS 49

Table 5.2: Figenvalues « for different modes. Here we use v = 0.5, 8 = ¢ = 0. The
eigenfunction corresponding to the eigenvalue emphasized is used in the text as an example
basic flow on the f plane.

| mode n | @ anti-symm. | @ symm. |

0 2121 0.707
1 4.949 3.535
2 7.778 6.363
3 10.606 9.192

Hypergeometric Functions (5.12)-(5.13). Then again we will use one of these basic flows
and will present all trapped modal wave modes in such a current.

In section 5.2.3 we will discuss the existence of waveguides for local Rossby wave
packets in the two basic flows we have regarded previously. Thereby the WKB ray tracing
method will be applied.

5.2.1 Trapped modal waves on the f plane
Construction of basic flows with pseudo critical levels

The basic flows used here must be solutions of (5.5). The mathematics becomes particu-
larly simple for stationary waves (¢ = 0) on an f plane (8 = 0). Therefore, we use this
further approximation to the quasi-geostrophic theory to find rather simple analytical
solutions of trapped Rossby waves. However, with some effort, the concepts presented in
the following can be extended to the 5 plane as well, but this will be shown later on.

Rossby waves cannot exist if there is no background potential vorticity gradient. Usu-
ally this gradient is a result of large-scale topography, basic flow shear and the p-effect. In
our case, only the meridional shear is nonzero and therefore this shear alone is responsible
for the occurrence of Rossby waves.

If stationary Rossby waves on an f plane are considered, (5.5) reads U"(y) — (yy* —
a)U(y) = 0 with the boundary conditions given in section 5.1.4. Using (5.6), we find

d?U

A + (- p")U =0, (5.16)

where i = 71;"/2 This again is the Schrédinger equation for a simple harmonic oscillator
and the solutions are (5.11)-(5.13). The principal difference between (5.7) and (5.16) is
that, for a given v, the second equation is an eigenvalue problem for o and the first one
is an eigenvalue problem for the zonal wavenumber £ with known a.

Tab. 5.2 shows the eigenvalues « of some possible anti-symmetric and symmetric basic
flow profiles for different modes n. Note that the anti-symmetric (symmetric) basic flow
has 2n + 1 (2n) zeros for mode n.

Trapped stationary waves in a basic flow with alternating prograde and ret-
rograde jets

In this and later sections we exemplary use the anti-symmetric basic flow with n = 1 and
a = 4.949 shown in Fig. 5.1A (solid line). (This is not a loss of generality and the subse-
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Figure 5.1: Basic flows used: Multiple-jet flow (mj), n =1, « =4.949, v =0.5, B =¢c=0;
single-jet flow (acc), a = 3.72608, v = 0.5, § = ¢ = 1. The acc velocity is multiplied by
the factor 0.2. B) ¢ — U(y) and the potential vorticity gradient B(y) as a function of y
for the mj flow, C) and for the acc flow. Three pseudo critical lines are visible in B) and

two in C).
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Table 5.3: Eigenvalues m for the possible trapped modal waves. Here we use v = 0.5,
B=c=0, a=4.949.

| mode n | m anti-symm. | m symm. |

0 1.681 2.059
1 0 1.189

quent analysis could of course have been done with one of the other possible basic flows
given in Tab. 5.2.) This basic flow has some structural similarity to the alternating jets in
the mid-latitude jovian atmosphere. Jupiter has many alternating prograde and retrograde
jets at middle latitudes. Furthermore, the f plane assumption has more relevance for the
synoptic-scale waves on Jupiter than on the earth since the vorticity gradients associated
with these zonal jets are large but the [-effect is smaller than for terrestrial conditions
(cf. [41], [60]). In Fig. 5.1B we display ¢ — U(y) and the background potential vorticity
gradient B(y). It can be seen that for this multiple-jet flow three pseudo critical levels
exist where ¢ — U(y) = B(y) = 0. There are no levels where ¢ — U(y) = 0 and B(y) # 0
but levels exist where ¢ — U(y) # 0 and B(y) = 0. However, these levels lay outside the
wave propagation region since the meridional wavenumber in (2.30) is imaginary at such
levels.

The solutions of the amplitude equation (5.7) are given by (5.11)-(5.13). However,
trapped waves exist only if the eigenvalue, i.e., the zonal wavenumber £, is real. In Tab.
5.3 the zonal wavenumbers of all trapped waves are given. It is obvious that only mode
n = 0 and n = 1 exist, for the symmetric as well as for the anti-symmetric wave type.

Fig. 5.2 shows the corresponding two dimensional flow field and the perturbation
streamfunction for the anti-symmetric wave (n = 0 and n = 1) and for the symmetric
wave (n = 0 and n = 1). For the constants A and B in (5.13) we used values of 0.2 in the
Figures.

The anti-symmetric trapped wave with mode n = 1 is special since the zonal wavenum-
ber is zero, i.e., the resulting perturbation streamfunction field is zonally symmetric. Such
modes are called “degenerate” and, e.g., Volland [91] discussed such disturbances on the
sphere in the context of extratropical seasonal tides.

If there are no boundaries at y = 0 in the zonal flow, all the solutions shown in Fig.
5.2 satisfy the boundary conditions (5.8). On the other hand, if a rigid boundary exists
at y = yp = 0, then only the anti-symmetric solutions satisfy the boundary conditions
(5.9) and (5.10).

We have demonstrated that in a zonal flow with levels where U = ¢, global solutions of
trapped waves can be computed if additionally the potential vorticity gradient B vanishes
at these levels. So far we focused upon the example of stationary trapped waves in a
multiple-jet flow on the f plane. In the following section we go further and construct
basic flows on the 5 plane with pseudo critical levels.

5.2.2 Trapped modal waves on the  plane
Construction of basic flows with pseudo critical levels

Here we consider the more general problem of trapped non-stationary Rossby waves on
the B plane. The only difference to the analysis performed so far is that now (5.5) is more
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Figure 5.2: Perturbation streamfunction and velocity field (perturbation plus basic flow) of
all trapped wave modes in the multiple-jet flow with ¢ = 0. A) anti-symmetric mode n = 0
and zonal wavenumber m = 1.681, B) anti-symmetric mode n =1 and zonal wavenumber
m =0, C) symmetric mode n = 0 and zonal wavenumber m = 2.059, D) symmetric mode
n =1 and zonal wavenumber m = 1.189.
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complicated since the differential equation which needs to be solved to find suitable basic
flows is nonhomogeneous. It reads

U e
a7t (i—p*)U =By 2 + (i~ p’)c = R(p). (5.17)
A general solution can be constructed in the following way (see, e.g., [78]): Let U; =
1F1(0.25[1 — 1] ;0.5; p?) and Us = p 1F1(0.25 [3 — fi] ; 1.5; p?) be the linearly-independent
solutions of the corresponding homogeneous equation. Then the general solution is given
by the formula

U(p) = ClUl + CQUQ + UQ / wdﬂ — Ul %(p)dp, (518)
w W

where W = U,U} — U,U] is the Wronskian. Unfortunately, the integrals on the right-hand

side of (5.18) do not exist in closed form and therefore analytical solutions of (5.17) are

not available.

There are two possibilities to solve the “eigenvalue problem” (5.17). The first one is
to compute (5.18) numerically for different f to find the one satisfying the boundary
conditions. We find that it is more efficient to solve (5.17) directly by the Runge-Kutta
method using different fi. Again, possible fi are determined by applying the boundary
conditions (note that both methods do not guarantee that all possible i can be found).
We used (5.18) to verify our found solutions for the problem on the 8 plane. Furthermore,
we tested our numerical procedure by computing the eigenvalues of the f plane situation,
where the true solutions are known.

In Tab. 5.4 we show the lowest “eigenvalues” « (i = a’y’%) for 3=1,c=—-1,0,1.
Note that in contrast to the f plane situation, no unbounded anti-symmetric basic flows
can be found. Furthermore, for ¢ = 0, only symmetric flows can be found and for ¢ = 1
only flows restricted in the north or the south do exist. It is also important to note that for
¢ = 0 the lowest “eigenvalues” are relatively large, i.e., the first symmetric modes of the
f plane case do not exist for 5 = 1. However, when first the basic flows are determined,
then the analysis of trapped modal waves is exactly the same as in the f plane situation.

Trapped propagating waves in a bounded single-jet flow

In section 5.2.1 we considered trapped waves in an alternating jet-flow. Now we consider
the flow shown by the dashed line in Fig. 5.1A (y = 0.5, § = ¢ = 1, and a = 3.72608).
This is a flow bounded to the south. We assume that a rigid boundary is situated at
yp = 0. This basic flow has resemblance to the flow studied by Harlander et al. [35]
in their investigation of high-latitude trapped waves with applications to the ACC. In
contrast to the single-jet flow assumed by Harlander et al. [35], the flow considered here
allows for analytical solutions given by the anti-symmetric solutions of (5.11)-(5.13), i.e.,
where -0.25(3 — ) is a nonnegative integer and A = 0. In Fig. 5.1C we display ¢ — U(y)
and the background potential vorticity gradient B(y). It can be seen that for this bounded
single-jet flow two pseudo critical levels exist where ¢ — U(y) = B(y) = 0. Again, there
are no levels where ¢ — U(y) = 0 and B(y) # 0 but one level exists where ¢ — U(y) # 0
and B(y) = 0. Since even this level is located outside the wave propagation region (where
n(y) is imaginary) the pseudo critical level situated to the north can not be reached by
propagating wave packets.
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Table 5.4: The first values of « satisfying the boundary conditions for different phase
speeds on the [ plane. Here we use v = 0.5, 8 = 1. In the text the “eigenfunction”
corresponding to the “eigenvalue” emphasized is used as an example basic flow on the
plane.

| a | ¢ | symmetry | boundary [ U(£o0) |
7.00493 | 0 yes unbound. 0
8.64484 | 0 yes unbound. 0
3.72608 | 1 no south. bound. 1
5.57820 | 1 no south. bound. 1
4.38445 | 1 no north. bound. 1
3.06913 | -1 yes unbound. -1
8.95258 | -1 yes unbound. -1
3.04861 | -1 no south. bound. -1
6.57942 | -1 no north. bound. -1

Only one modal trapped wave exists for the parameters used and this wave mode is
shown in Fig. 5.3. The only possible eigenvalue is m = 1.266791. The wave propagates from
left to right with a phase speed ¢ = 1 (= 0.1 ms ! when the ocean scaling of Tab. 5.1 is
applied). The wave structure is similar to the trapped waves with the largest wavelengths
computed by Harlander et al. [35] for a gaussian-shaped jet-profile. Interestingly, the wave
structure is even similar to the case of a linear basic flow profile, where analytical solutions
can be found [35].

Volland [91], Zimmermann [103], and Harlander et al. [35] also compute dispersion
curves for the trapped modal waves. However, if ¢ is changed and the basic flow is kept
fixed, Q(y) changes and (5.5) is no longer fulfilled. Then (2.32) cannot be transformed to
(5.7) and analytical solutions of the amplitude equation do no longer exist. Furthermore,
in the vicinity of the chosen phase speed values, critical levels destroy the global solutions.
Therefore, pseudo critical levels may be regarded as “islands” in the dispersion diagrams
where global solutions exist. These “islands” are surrounded by a more or less large region
where the occurrence of critical levels does not allow for global solutions. However, for the
acc flow no trapped modal waves are possible, even for ¢ in the range ¢ > Uyqz OF ¢ < 0,
i.e., outside the values where critical levels can be found. The reason is that for the positive
phase speeds the region close to the boundary does not allow for propagating waves since
K? is negative. On the other hand, for negative phase speeds wave propagation is possible
close to the boundary but also for large y. Therefore, the wave amplitude does not tend
to zero but oscillates if y — oo. Trapped waves fulfilling the boundary conditions (5.9) do
not occur. Note moreover that such simple looking modes as the one shown in the Figs.
5.2 do not exist for the multiple-jet flow if ¢ > Upnaz, OF ¢ < Upnin. The wave propagation
diagrams become rather complicated for ¢ # 0, showing several distinct maxima separated
by regions of no wave propagation. Furthermore, K2 is no longer symmetric with respect
to y = 0.

The appearance of critical levels in a flow has serious consequences for wave packet and
energy propagation (see section 5.1.5). But what are the consequences if pseudo critical
levels occur? Can wave packets still be trapped in a zonal waveguide? These questions
will be addressed in the following section.
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Figure 5.3: Perturbation streamfunction and velocity field (perturbation plus basic flow) of
all trapped wave modes in the bounded single-jet flow (acc) with ¢ = 1. Anti-symmetric
mode n = 0 and zonal wavenumber m = 1.266791.
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5.2.3 Trapped local wave packets on the f- and the  plane

In this section we consider the propagation of local disturbances in form of single wave
packets, i.e., a superposition of Fourier modes forming a wave with a spectrum showing
a single peak [97]. Sometimes such disturbances are called quasi-monochromatic wave
packets. In the situation examined here, it is extremely simple to compute wave propa-
gation diagrams as well as the meridional wavenumber and the wave packet amplitude as
functions of y. Rays of wave propagation can be found by integrating (2.25), (2.26) and
(2.29) numerically.

Wave propagation diagrams

f plane First we discuss the regions of possible wave propagation for the basic flow with
alternating prograde and retrograde jets on the f plane (see fat solid line in Fig. 5.1A).
The stationary wavenumber of this multiple-jet flow is simply computed from (2.30) as
Ky—o = (—(yy? — a))*/? and it is shown in Fig. 5.4 by the solid line. Wave propagation
is possible only in the region under the parabolic curve. Furthermore, this curve defines
the turning latitude for each zonal wavenumber (K,—q = k). It is obvious from the Figure
that only waves with zonal wavenumbers smaller than about 2.2 are possibly trapped.
Furthermore, there is also a long wave limit for trapped wave packets. From Fig. 5.4 one
expects waveguides for local stationary disturbances with the largest meridional extension
for the longest trapped waves. However, we shall demonstrate (in paragraph ‘WKB ray
tracing’) that no waveguide can exist on the f plane for stationary waves in a flow with
pseudo critical levels.

The meridional wavenumber n(y) is shown in Fig. 5.5 for a wave packet with zonal
wavenumber 1. It can simply be computed from (5.4) and we find n(y) = +(—(yy* —a) —
m)!/2. Note that no critical levels exist, although ¢ — U(y) has roots between the turning
latitudes.
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Figure 5.4: K,—y and K, as a function of latitude on the f- and the [ plane for the
multiple-jet (mj) and the bounded single-jet flow (acc). Wave propagation is possible only
in the regions under the curves, i.e., where k < K,_q (for the stationary wave packets in
the mj) or k < K, (for the ¢ = 1 wave packets in the acc).

latitude y

Figure 5.5: The meridional wavenumber as a function of y for the multiple-jet (mj) and
the bounded single-jet flow (acc). The zonal wavenumber is m = 1. In a waveguide the
meridional wavenumber travels through these curves in a clockwise way. Such an oscilla-
tion is not possible if a pseudo critical level exists. The pseudo critical levels for the mj
(acc) flow are shown by the thin solid (dashed-dotted) lines.
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Figure 5.6: The amplitude én(y)*o"r’ of the wave packets. Here we use m = C = 1. At the
turning latitude the amplitudes become infinite and WKB theory breaks down. The pseudo
critical levels for the mj (acc) flow are indicated by the thin solid (dashed-dotted) lines.
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The solid curves in the Figs. 5.4 and 5.5 seem to suggest a waveguide discussed, e.g.,
by Hoskins and Ambrizzi [38]. In such a Rossby waveguide without reflective boundaries,
a wave packet propagates eastward while oscillating between the two turning latitudes (as
sketched in Fig. 1.1A). Therefore, the meridional wavenumber for a wave packet in the
multiple-jet flow with zonal wavenumber m = 1 seems to travel through the solid curve
shown in Fig. 5.5 in a clockwise way with largest group velocity at the turning latitudes.
The amplitude Cn~'/2(y) for this wave packet as a function of y is shown in Fig. 5.6 by the
solid line. Away from the latitudes where n(y) = 0, the amplitude is rather constant but
becomes large close to, and infinite at the turning points. Near these latitudes the WKB
solution is not valid but it can be shown that the latitudinal behavior of the amplitude is
that of an Airy function, cf. [66], [21].

However, considering the Figs. 5.4, 5.5, and 5.6 only one overlooks the existence of
pseudo critical levels, indicated by vertical thin solid lines. As will be discussed in section
5.2.3, a “classical” waveguide comprised between two turning points, is not possible for
stationary waves, if pseudo critical levels occur.

B plane Let us now turn to the example on the [ plane, i.e., the single-jet flow restricted
in the south, shown in Fig. 5.1A by the dashed line. Note that at y = 0 a reflective
boundary is situated which makes the situation similar to the one considered by Harlander
et al. [35]. The region of wave propagation and the position of the turning points are
shown in Fig. 5.4 by the dashed line. Again, the curve is computed from (2.30) as K,—1 =
(—(vy? — @))'/?, but here « is slightly smaller than in the multiple-jet case. The major
difference between the curves is the possible wave reflection at y = 0 for the single-jet
flow. Wave propagation is possible only for ¥ > 0 and for wavenumbers in the region under
the curve. The meridional wavenumber n(y) is displayed by the dashed curve in Fig. 5.5
for a wave packet with m = 1. At y = 0 the packet is reflected by the rigid sidewall and



58 PSEUDO CRITICAL LEVELS

the meridional wavenumber changes its sign as required by (3.6).

Again, from the dashed curves in the Figs. 5.4 and 5.5 it would appear that a waveg-
uide of the type discussed in chapter 3 exists. Wave packets seem to be trapped between
a single turning point and a reflective southern boundary. Note that in such a waveg-
uide the meridional wavenumber changes sign abruptly during the reflection and also the
streamfunction may change sign in contrast to the smooth wavenumber and streamfunc-
tion behavior during refraction at turning points. In such a Rossby waveguide with one
reflective boundary and one turning point, a wave packet propagates eastward while oscil-
lating between the turning latitude and the reflective boundary (cf. [35]). Therefore, the
meridional wavenumber for a wave packet in single-jet flow bounded to the south with
zonal wavenumber m = 1 seems to travel through the dashed curve shown in Fig. 5.5
in a clockwise way with largest group velocity at the turning latitudes. The amplitude
Cn~1/2 (y) for this wave packet as a function of y is shown in Fig. 5.6 by the dashed line.

In the following section it will be shown that “classical” waveguides, comprised either
between two turning points or between a reflective coast and a single turning point, do
not exist, although seemingly substantiated by the Figs. 5.4 and 5.5. The reason is that
these Figures “overlook” the existence of pseudo critical levels.

WKB ray tracing

To compute paths of trapped Rossby wave packets in zonally averaged flows, (2.25), (2.26),
and (2.29) have to be integrated, e.g., numerically. However, for our purpose it is sufficient
to consider the limit of the equations, when a wave packet approaches a pseudo critical
level where U — ¢ = B = 0. At these levels, (2.25), (2.26), and (2.29) read

Covr = 0 (5.20)
D, _ &k OK?
or ~ V9% = (21

Here we used (2.24) to transform (2.29) into (5.21). At critical levels | — oo and therefore
Cox — U, Cov — 0, g—ng — 0. However, wave packets never reach critical levels and
the WKB approximation is violated in the vicinity of these levels. In contrast, at pseudo
critical levels the WKB theory does not break down and wave packets can arrive at these
levels. Nevertheless, no waveguides (in the classical sense) can develop since such levels
cannot be crossed and turning points can never be reached.

In the first example of a stationary wave packet in a multiple-jet flow, wave packets
stick at the pseudo critical level. The values of the meridional wavenumber and the am-
plitude of wave packets with m = 1 at pseudo critical levels are shown in the Figs. 5.4 and
5.5 as intersections of the fat solid curve with the thin solid lines. Note that these values
are neither zero nor infinite since, as said before, pseudo critical levels are neither critical
levels nor turning points. For stationary waves, these levels work as wave attractors where
wave activity may accumulate. However, even if it is assumed that pseudo critical levels
are leaky, no zonal waveguides would occur. In this case, the rays of wave propagation
would form a rather bizarre closed loop where local wave packets would be trapped in the
zonal and meridional direction (cf. [29]).

In the second example of a ¢ = 1 wave packet in a bounded single-jet flow, the wave
packets are also attracted by the pseudo critical level but after arrival they propagate with
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the local basic flow velocity. Therefore, for non-stationary wave packets, pseudo critical
levels may lead to a zonal guidance of waves without the existence of turning points or
reflection levels. This is a new form of a zonal Rossby waveguide, not discussed in the
literature so far. Again, the values of the meridional wavenumber and the amplitude of
wave packets with m = 1 at pseudo critical levels are shown in the Figs. 5.4 and 5.5 as
intersections of the fat dashed curve with the thin dashed-dotted lines.

5.3 Summary and conclusions

In this chapter we investigated Rossby waves in zonally averaged flows exhibiting so
called pseudo critical levels. These levels were defined as regions where the basic flow
speed equals the wave phase speed and where, in addition, the background potential
vorticity gradient vanishes. It was shown that such levels are neither critical levels nor
turning points of the flow. Using two example basic flows showing pseudo critical levels,
one on an f plane and one on a [ plane, we demonstrated that global solutions in form
of trapped modal waves exist in spite of these levels. From wave propagation diagrams
the existence of “classical” waveguides would appear since such diagrams do not resolve
pseudo critical levels. In classical waveguides, wave packets are trapped between two
turning latitudes in an unbounded flow, or between a reflective boundary and one turning
latitude in a bounded current. However, using the WKB approximation we showed that
such waveguides are not possible under the presence of the pseudo critical levels.

Similar to critical levels, pseudo critical levels are attractors for Rossby wave packets
and may cause wave focusing (cf. [52]). Such levels cannot be crossed, however, in con-
trast to critical levels, they can be reached by the wave disturbances. For a wave packet
approaching a pseudo critical level, the wavenumbers and the amplitude stay finite and
the WKB theory does not break down. We have shown that stationary wave packets (i.e.,
propagating wave packets with zero frequency) stick at the pseudo critical level. There-
fore, a local wavemaker will lead to an accumulation of wave energy at a particular point
on the pseudo critical level, depending on the location of the source.

Wave packets with a nonzero frequency also become attracted by the pseudo critical
level and after arrival they propagate in the zonal direction with the local basic flow veloc-
ity U = c. This fact opens the possibility of zonal Rossby waveguides without the presence
of turning latitudes or reflective boundaries (or reflective nonlinear critical layers).

The question arises if pseudo critical levels can be constructed for more complicated
geometries. Birmann et al. [8] discussed shear flow instabilities of a barotropic jet-like flow
on a so called “global  plane”. They focus upon Hopf-bifurcations of neutral (marginal)
modes to periodic solutions. However, for the modes considered no critical levels but
several pseudo critical levels appear. Barmann et al. pointed out that the frequency for
marginal modes have to lie in the continuous part of the spectrum but they did not discuss
the consequences of this observation for wave propagation. Becker and Volland [9] and
Volland [91] (page 108 and Figure 5.26) discussed the influence of a zonal mean flow on
Rossby-Haurwitz waves (which have the meridional structure of Legendre-Polynomials)
on the sphere. Similar to our approach, the time independent zonally averaged wind they
used was itself composed of Rossby-Haurwitz waves. These authors realized that for a
superrotational flow on the sphere pseudo critical levels do exist for waves with negative
phase speeds. However, they did not consider wave packet dispersion, so the conclusions
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we made here were not drawn. Nevertheless, these papers demonstrate that pseudo critical
levels are possible also for more complicated geometries.

Our presentation seems to suggest that we are working with some very special shear
flow profiles. However, if we take a general view point (Dr. Leo Maas, personal commu-
nication), all that we say is: let there be some zonal shear flow U(y), then there will be
locations yo where U” = 3. At these locations, certain waves of wavespeed ¢ exist such
that ¢ = U(yo). Given an ensemble of waves in the K, o space, presumably always some
waves will exist that will have such a wavespeed. This leads to the conclusion that such
waves, and therefore pseudo crictical levels will always exist, regardless of the precise
(smooth) shape of the shear flow.

Among the limitations of this study is the use of the WKB approximation. Never-
theless, several investigators (e.g., [21], [38]) demonstrated that qualitative predictions
are robust even in models where scale separation (i.e., the condition € < 1) is violated.
Future work with numerical models not suffering from the WKB limitations will show if
the more mathematical issues of pseudo critical levels discussed here have relevance under
more complete conditions.



Part 11

The nonlinear point of view






Chapter 6

Ray chaos

In this chapter we will spotlight nonlinear processes related to Rossby wave packet prop-
agation in the atmosphere and the oceans. As discussed in chapter 2, wave packet propa-
gation can be described by the so called ray tracing equations, defining the path of wave
energy propagation, and by an amplitude equation characterizing the amplitude evolu-
tion. Although derived from the linear quasigeostrophic potential vorticity equation, the
ray tracing equations form a nonlinear dynamical system with interesting properties if the
coefficients of the vorticity equation show spatial variations in more than one direction.
For particular basic flows, the wavenumber equations can be decoupled from the group
velocity. It is known that even in such simple situations oscillations and bifurcations can
be found in the so called wavenumber phase space. We vary the problem by applying more
general basic flows where a decoupling of the wavenumber equations from the wave packet
path is not possible. In that case the solutions depend strongly on the parameters of the
model and can be chaotic, in fact. Although ray chaos was first realized more than 10
years ago in optic and acoustic waveguides, the implications of chaotic wave packet prop-
agation for energy deposition, mixing and related processes in geophysical fluid dynamics
are unknown. Here we highlight the possibility of ray chaos in Rossby wave radiation and
therefore use only conceptual basic flows without focusing upon a particular real situa-
tion. However, it can be suggested that in periods with basic flows allowing for ray-chaos,
the response to a local Rossby wavemaker is much more spread spatially than in periods
with a non-chaotic wave propagation. This may have consequences for teleconnections
in the atmosphere and the oceans. A further conjecture is that a coherent wave packet
propagation is possible only in the non-chaotic parameter regime.

6.1 Bifurcation structure of Yang’s solutions

Let us now study the occurrence of chaotic solutions of the system (2.14), (2.16). To start
with we focus upon the simple situation where U and V in (2.8) are linear functions on
Y and X. This situation was discussed in detail by Yang [97]. Assuming a paraboloid-like
shape of the topography (or neglecting topography on the whole), the equations (2.16)
describing the wavenumber evolution can be decoupled from (2.14). This means that the
wavenumber evolution can be studied using a 2-dimensional autonomous system instead
of a 5-dimensional system in the most general case. In some parameter ranges this simple
system shows periodic oscillations (cf. [97]). The wave packet’s structural oscillations
suggest a possible mechanism for vacillations observed in geophysical fluids (cf. [96]).
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In all experiments conducted in this chapter we consider a pure § plane (i.e., no
d-effect) with § = F' = 1. Let us look upon the following basic flow

UY)=1+ %Y, V(X) = aﬁx, (6.1)

€ €

(5 2 (1] o

with the parameters o and 7. Yang [97] considered several configurations, e.g., he assumed
an asymmetric basic flow without topography, an atmosphere at rest with a paraboloid-
like topography, or studied the effect of zonal and meridional basic flows combined with the
0 term. In the following we study the bifurcation structure of some of these experiments.
In particular we concentrate on a flow with

(Y1) negative zonal shear, positive meridional shear, and no topography,

(Y2) with negative zonal shear and no meridional shear, and a paraboloid-like topography,
(Y3) with negative shear in both spatial directions crossing a paraboloid-like topography,
varying the shear parameter o in Y1 and the topography parameter v in Y2 and Y3:

and topography

Y1: Uy=-1, Vu=03, Hy=0, —-15<a<15

Y2: Uy=-1, Vo=0, Hy=05 —-15<~<15
Y3: Uy=-05 Vo=-05 Hy=05 -15<~y<15

Fig. 6.1 shows the outcome of Y1, Y2, and Y3. In Y1 periodic oscillations occur for
a > 0 whereas no stable solutions exist for o < 0. Close to the bifurcation point the
amplitude of the oscillation grows dramatically and becomes infinite at o« = 0. It should
be noted that the amplitude of these oscillations depends on the frequency of the waves
and therefore on the initial wavenumbers m and n. In Y2 oscillations can be found over
the whole topography parameter range of —1.5 < v < 1.5. A period doubling bifurcation
takes place close to v = 0. In the most complicated situation Y3 we also find a period
doubling bifurcation. However, for v+ = —1 the oscillation breaks down and a stable,
nonoscillating solution establishes (shown by the filled circle in Fig. 6.1. Reducing vy
further leads to periodic oscillations again but negative turning points of n(¢) do not exist
anymore. Although these bifurcations are of interest by themselves we will not discuss
them further here. Instead we will address the question what happens to the periodic
orbits if the wave number evolution equations are coupled to the ray path equations, e.g.,
via the use of a more complicated topography. To shed light on this question we now
consider an asymmetric flow with the parameters

U():—]., %:05, 0§H0S3

streaming across a hilly topography

X Y
hg = Hy cos (2%—) cos (2%—) . (6.3)
€ €

To be specific, we perturb the oscillating system (Y1) by the addition of a hilly topography,
coupling the wavenumber evolution to the path of the wave packet. Hence, with this
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Figure 6.1: Bifurcation diagrams for the experiments Y1 (top), Y2 (middle), and Y3
(bottom) described in the text. Initial conditions are m = 0.2 and n = 0.3.
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Figure 6.2: Destruction of the periodic orbit in the wavenumber subspace due to a coupling

of the wavenumber equations and the path equations. Initial conditions are m =5, n = 3.5,
X =-0.52, and Y =0.
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Figure 6.3: Zonal wavenumber evolution in time (left column) and corresponding evolution
of the Lyapunov exponents (right column). Upper row: Uy = —1, Vo = 0.5, and Hy = 1.9;
wmatial conditions Xg = —0.52, Yy = 0, mg = 5, and ny = 3.5. Lower row: Uy = —1,
Vo = 0.5, and Hy = 2.5; tnitial conditions Xy = —0.52, Yy = 0, mg = 5, and nyg = 5.5.
Abscissa from 0 to 10 corresponds to ~ 120 days for U = 10ms~! and L = 10°m.
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perturbation, the full system (2.14) and (2.16) has to be solved. In Fig. 6.2 the destruction
of the periodic orbit as a function of the topography amplitude is shown. In the Figure
the trajectories in the wavenumber subspace (m,n-plane) are displayed. It can be seen
clearly in the Figure that the periodic orbit opens for the moderate topography and bursts
completely for Hy = 3.0. Note that the motion is no longer periodic and most aperiodic
for long waves (small wavenumbers). The question arises if such trajectories correspond
to a chaotic attractor. This can be decided only by a numerical computation of the so
called Lyapunov exponents.

6.2 Lyapunov exponents

In general, to decide if a dynamical system is chaotic or not, the so called Lyapunov
exponents (introduced by Oseledec [69]) have to be estimated. Loosely speaking, the
Lyapunov exponents are a measure of the divergence rate of two neighboring points in
phase space during time integration. They depend on the chosen trajectory and on time,
however, if a single global attractor exists, they converge to a particular value for ¢ — oo,
independent of the trajectory. The trajectory of a point x in phase space is called chaotic
if (i) the trajectory is bounded and is not asymptotic to either a fixed point or a periodic
orbit, and (ii) there exists at least one positive Lyapunov exponent at x. Given a N-
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dimensional dynamical system

dx
a(t):F(X(t)), X:(.’L'l,l'g,"',ﬂ?N), F = (Fl,FQ,"',FN) y (64)
the tangent-linear system of small perturbations along a reference orbit is given as
dz
) =3(0(0) (65)

where J(t) is the Jacobian matrix. The solution of this equation is
z(t) = Rty t)z(to) (6.6)

where R(tg,t) = exp(f; J(t)dt) is the resolvent matrix. The Lyapunov exponents are
given as

o1
A= lim < In[(oi(to +5)] (6.7)

where the o; are the singular values of the operator R(ty,?), which can be computed
numerically as described, e.g., by Abarbanel [1].

Even for low dimensional systems it is time consuming to estimate Lyapunov expo-
nents. So far we have used the algorithms of Nusse and Yorke [63] but we plan to use
more sophisticated programs, for instance, AUTO [18] in the future. We estimated Lya-
punov exponents for different situations, and two examples are shown in Fig. 6.3. In both
situations considered, one of the four Lyapunov exponents is positive, indicating chaotic
behavior. However, convergency is slow and in the first case (upper row) the behavior is
almost periodic after some time. We have observed such a behavior frequently and the
reason for it is that due to the topographic forcing the wavenumber may become large.
For small wavelengths the terms containing the topography become unimportant for the
evolution of the local wavenumbers and therefore they oscillate in a way similar to the case
without topography. Another serious deficiency of the flow considered is its unbounded-
ness. Wave packets may propagate in regions with very large basic flows which complicates
the computation of Lyapunov exponents. Therefore we will no longer consider basic flows
motivated by the investigations of Yang [97]. Instead we will focus upon stationary wave
packets in a system of zonal waveguides disturbed by a hilly topography. This situation
appears to be relevant for geophysical applications and, moreover, is associated with the
content of previous chapters.

6.3 Stationary waves in a waveguide system

Here we use
U=2+Uycos(c1Y), V=0, hg= Hysin(cX)cos(cyY), (6.8)

where Uy, ¢1, and ¢y are constants. For the case Uy = 1, ¢; = 7/e, and Hy = 0 the
stationary wavenumber K,—, can be computed via (2.30) and it is shown in Fig. 6.4.
Wave propagation is possible only for long waves in the waveguide regions separated by
regions of no wave propagation. A local wave packet with a zonal wavenumber smaller
than about 1.8 might propagate in the way shown in Fig. 1.1A; i.e., propagating to the
east while oscillating between two turning latitudes.
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Figure 6.4: Multiple waveguide system in a zonally symmetric situation. For details see
text. Note that latitude s shown using the slow variable Y .

wave propagation diagram

waveguit;e 4 >
waveguide 3 ;
waveguide 2 >
waveguide 1 >

. . .
0 0.5 1 15 2
stationary zonal wavenumber

0.7

05 |

03

latitude Y

0.1 |

-0.1

Figure 6.5: Estimation ot the largest Lyapunov exponent as a function of cs.

10

lyap |

33 38

c2

In analogy to acoustic waveguides [59], no aperiodic ray solutions can be found if the
coefficients depend on one space variable only. However, setting Hy,co # 0 opens the
possibility for chaotic wave rays. In Fig. 6.5 we show the largest Lyapunov exponent as
a function of the topography scale parameter ¢, where we used only a small topography
height of Hy = 0.1 and all the other parameters like given above. Decreasing the topog-
raphy scale (i.e., increasing cy) only slightly under the scale of the meridional basic flow
modulation leads to chaotic trajectories, as indicated by the sudden jump of the largest
Lyapunov exponent to large positive values. On the left side of the jump, a stationary
wave packet propagates (almost) periodically in a single waveguide, as shown schemati-
cally in Fig. 1.1A. In contrast, on the right side, a stationary local wave packet oscillates
in an aperiodic manner between the turning points. Increasing ¢, further, a wave packet
may leave a particular waveguide and may jump between the different zonal waveguides
shown in Fig. 6.4. This particular situation can be observed in Fig. 6.6 (left). Here we used
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Figure 6.6: Left: Ray path of a local wave packet starting with Xq = —0.5, Yy =0, my = 1,
ng = 1.61358, and o9 = 0. Right: Corresponding structural change of the wave packet.
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co = 61.5 which means that the topography modulations are twice as fast as the basic flow
modulations. At 7= 0 we introduce a local stationary wave packet (Xo = —0.5, Y5 =0,
mo =1, ng = 1.61358, 0o = 0) in waveguide 1. It oscillates aperiodically in this waveguide
but at X ~ 8 it leaves this guide for the first time and propagates for a short time outside
the waveguide, indicating a strong waveguide deformation due to the zonal inhomogeneity
of the topography. However, the wave packet re-enters waveguide 1 but leaves it again at
X =~ 12. In the interval 10 < X < 20 the wave packet propagates in waveguide 2, then it
jumps to waveguide 3 and for a short period it propagates in waveguide 4. From X = 38
to X ~ 48 it stays in waveguide 3, then it enters waveguide 2 again. We do not follow the
wave packet further to the east, however, after a long integration time the wave packet
appears again in waveguide 2 as a very long wave propagating to the west. The corre-
sponding wavenumber evolution of this complicated ray path is shown in Fig. 6.6 (right).
The solutions found for this waveguide system have many similarities to the jumps of the
wave function in a Josephson junction (cf. Fig. 12.40 of Korsch and Jodl [46]). A Joseph-
son junction is a cryogenic device consisting of superconductors separated by thin gaps.
Its dynamics is characterized by almost regular oscillations, interrupted by 27-jumps of
the quantum phase difference, which are related to voltage bursts across the junction.
In our case, wave packets propagate in a zonal Rossby waveguide but are disturbed by
the inhomogeneous topography. If the waveguides are not too leaky and the topographic
forcing is not too strong, wave packets can propagate large distances in a single guide but
may slip to a neighboring waveguide from time to time in an nonpredictable way when
the wave is disturbed near the turning points.

6.4 Discussion

In this chapter we investigated ray chaos using the quasigeostrophic ray tracing equations.
As shown also by Yang [99], [98], [100], even for rather simple background conditions, ray
chaos seems to be an important part of the model solutions. In the first part of chapter 6
we basically recapitulated some findings of Yang [97] but studied the opening of periodic
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orbits due to the impact of a zonally inhomogeneous topography, similar to Yang [100]. The
multiple waveguide system considered in section 6.3 has not been studied in the literature
so far and this part of the chapter can be viewed as an addition of the waveguide systems
discussed in the previous chapters. However, the focus here (as in the papers by Yang)
clearly was on the mathematical nature of ray chaos without discussing the validity of the
results, e.g., due to restrictions of the WKB method. We further did not use observable
background conditions and therefore we cannot say if the findings have relevance under
more realistic conditions.

Inspecting the values of the coefficients ¢; and ¢y used to obtain, e.g., Fig. 6.6, one
may argue the variation of the background field is too fast for an accurate application
of the WKB theory. However, using a slower variation, rather similar results can be
obtained. We used for instance Hy, = 0.037, Uy = 1, ¢; = 3.1415, and ¢y, = 6.28318.
Again, the wave packet is trapped in different waveguides (not shown) and the behavior
of the wave is as nonpredictable as in the case shown in Fig. 6.6. The point is that
in both cases the wavelengths of the trapped wave packets and the scale of the zonal
variations have the same order of magnitude, thus scale separation is violated even in the
second (slow varying) case. This seems to be rather typical for trapped waves in zonally
asymmetric atmospheric conditions. Nevertheless, Hoskins and Ambrizzi [38] applied the
WKB approach successfully to find the prevailing atmospheric waveguides in observed
basic flows. Also the basic flows (3.18) and (3.19) employed in chapter 3 do not show a
slow variation. Nevertheless, the WKB approximation worked satisfactory for these cases.
This confirms the results of other investigators that qualitative predictions are robust
even in models where scale separation is violated. Recently, this was also conclusively
confirmed by observations [56].

However, the question arises if ray chaos can be found only in regimes where the
WKB assumptions are not valid, or, even more serious, if ray chaos is the result of the
WKB approach itselfs. For some researchers it may come as a surprise that linear partial
differential equation may bear the potential for chaotic solutions. There was (and is) a
vivid debate on this topic in other physical disciplines, e.g., quantum mechanics [11] or
acoustics [59]. Yang [100] showed that starting from the linearized advection equation
and using the mathematical exact method of characteristics (see chapter 2), chaotic char-
acteristics can be obtained. More recently, Maas [52] investigated inertial gravity waves
in a rotating container. The wave motion is governed by a linear hyperbolic equation.
Wave propagation along chaotic ray paths is possible when the container’s surfaces are all
perpendicular or parallel to the rotation axis. Then the horizontal structure of the wave
field is described by a special case of Schrodinger’s equation. Depending on the shape
of the basin in the horizontal plane, this linear equation either supports membrane-like
eigenmodes, or chaotic wave paths [11]. These investigations make clear that wave packet
chaos is not a spurious effect resulting from the use of asymptotical techniques like the
WKB method. In collaboration with Maas, Harlander [28] plans to study Rossby wave
propagation in a closed ocean basin. Even when homogeneous background conditions are
used, chaotic wave rays may occur due to the reflection of the waves at the boundaries, in
resemblance to the classical billiard system. In the homogeneous case, the WKB method
is mathematically exact (see chapter 2), thus this would be an extremely simple system
with chaotic Rossby wave rays, without using approximations besides the quasigeostrophic
theory.

As said above, a chaotic system is characterized by at least one positive Lyapunov
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exponent. However, these exponents tell us how a perturbation to an orbit will behave
over a long time. This is stability information which has been averaged over the whole
attractor. Such information may not be particularly relevant in view of the fact that
Rossby wave packets hardly survive periods longer than say two weeks (in the earth’s
atmosphere). What happens as time gets very large may be of no importance to what
happens in the next few moments. Therefore, it seems important to study local Lyapunov
exponents in the future to characterize the wave packet behavior for shorter time periods.

It should be mentioned that systems like the ray tracing equations are interesting
also from a different point of view. There are several low-dimensional systems (e.g., the
Lorenz system) discussed in geophysical fluid dynamics, which are highly truncated spec-
tral treatments of continuous systems. The identification of the dynamics of such low
dimensional systems to continuous ones is problematic because it is not clear what the
formal dynamical connection to the atmosphere or the oceans really is. However, models
like the ray tracing equations or the amplitude equation of Pedlosky and Frenzen [74]
involve no truncation and hence are truly deductive. The fact that such systems describe
some part of the dynamics of Rossby waves makes their relevance to the atmosphere or
the oceans rather direct in contrast to truncated Lorenz-like models.



Better is the end of a thing

than the beginning thereof
(Ecclesiastes 7:8)

[Mit dem Reden aufhdren ist besser

als mit dem Reden anfangen
. (Kohelet 7:8)]
Concluding remarks

The author believes that the studies discussed in this paper elucidate important aspects
of barotropic Rossby wave propagation in shear flows. The primary objective of all these
studies was to improve our understanding of large-scale wave propagation in waveguides of
the atmosphere or the oceans. These waveguides may be formed with the help of reflecting
boundaries or solely by the shear structure of the flow and they may be purely zonal or
disturbed by zonal inhomogeneities.

One of the waveguides studied in detail occurs in zonal shear flows along reflective
coastlines. Dynamically, such waveguides are formed due to wave refraction at turning
points and wave reflection at the rigid boundary. We investigated if such type of a waveg-
uide is plausible for Rossby waves in high-latitude flows like the Antarctic Circumpolar
Current. Coming to a positive answer we further employed the influence of the earth’s
sphericity on such a Rossby waveguide. Moreover, the concept of wave activity propa-
gation offers deep insights into the dynamic properties of waveguides and we therefore
studied the wave activity fluxes in high-latitude Rossby waveguides using ray tracing
methods but also by considering EP-fluxes directly from a numerical model.

The formation of Rossby waveguides depends essentially on the non-existence of crit-
ical levels. However, we showed that under special conditions critical levels can be “put
out of action” by allowing the background potential vorticity to vanish at the location
of the critical levels. Under these conditions trapped global wave modes are possible and
wave packets with particular phase speeds may propagate along such pseudo critical levels
with their group velocity, similar like in a zonal Rossby waveguide but without reaching
turning points.

Finally, we showed that zonal inhomogeneities may lead to non-predictable wave packet
propagation in an “almost zonal” waveguide, so called wave packet chaos or ray chaos,
discovered earlier in the theory of acoustic waveguides in the oceans.

The outcome of all the studies discussed in this paper demonstrates that simple models
can help to improve our understanding of large-scale wave propagation, which is ultimately
the basis for the dynamics of the weather, the climate, and also of climate change.
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